
K-THEORY OF ADIC SPACES

Time: Fridays 2:30-4:30
Location: Fine Hall 314
Organizers: Greg Andreychev (griga@ias.edu), Vadim Vologodsky (volo-
god@gmail.com), and Bogdan Zavyalov (bogd.zavyalov@gmail.com)

This semester we plan to discuss the new approach to non-archimedean analytic
geometry due to Clausen–Scholze. The ultimate goal of the seminar is to state and
prove a version of the Grothendieck–Riemann–Roch theorem for analytic adic spaces
using the machinery of condensed mathematics. Along the way, we will see how
Clausen–Scholze’s notion of an analytic ring allows one to define a “category of quasi-
coherent sheaves” on adic spaces which, moreover, comes with a natural 6-functor
formalism. This will lead to a natural definition of K-theory using recent results of
Efimov and will allow us to adapt the classical approach of Thomason to the K-theory
of schemes to our setting.

Plan

1. Introductory Talk by Greg Andreychev (January 26)

2. Recollections on K-theory (February 2)
Define the Grothendieck group of a commutative ring. Then define K1 and K2 and

state Matsumoto’s theorem. Explain the definitions of higherK-theory in terms of the
+-construction and in terms of the∞-group completion of groupoid of finite projective
modules. Define K0 of a stable ∞-category and sketch the Quillen Q-construction
and the Waldhausen S-construction. State the Gillet–Waldhausen resolution theorem
for the K-theory of rings. Finally, explain the characterization of K-theory as the
universal additive invariant of stable ∞-categories.

References: [Wei13, Chapters 2-4], [Heb21, Chapter IV], [BGT13].

3. Dualizable Categories (February 9)
Introduce the notion of stable compactly generated ∞-category and discuss its

properties and some examples. In particular, prove that the ∞-category of small
idempotent complete stable∞-categories is equivalent to the∞-category of compactly
generated stable ∞-categories with strongly continuous functors. After that, recall
the definition of dualizable object in a symmetric monoidal (∞-)category. Briefly
review the Lurie tensor product of (stable) presentable ∞-categories and then discuss
the notion of dualizable stable ∞-categories. Prove some of its equivalent charac-
terizations: as retracts of compactly generated stable ∞-categories, in terms of the
double left adjoint to the Yoneda embedding, and in terms of compact maps. If
time permits, prove that the ∞-category of sheaves of spectra on a locally compact
Hausdorff topological space is dualizable ([Hoy18, Theorem 15]).

References: [Lur09, Chapter 5.3], [Lur18, Chapters 21.1.12 and D.7 (see especially
D.7.3 and D.7.7)], [And21, Section 5.3], [And23, Kapitel 2], [Cal+21, Section A.2],
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[Cla23, Lecture 1], [Hoy18].

4. Efimov K-Theory (February 16)
Introduce the notion of Verdier sequences of presentable stable ∞-categories and

then discuss the behavior of dualizable ∞-categories in Verdier sequence; in partic-
ular, discuss Thomason’s trick (see [And23, Kapitel 2], especially [And23, Lemma
2.12, Lemma 2.13]). Introduce the notion of localizing invariants of small stable ∞-
categories and then illustrate it by non-connective K-theory. In particular, define
negative K-groups for commutative rings by classical means (see [Wei13, Chapter
III.4]) and then explain its relation to the definition of non-connective K-theory as
the universal localizing Sp-valued invariant under core. Following Efimov, prove that
localizing invariants extend uniquely to all dualizable stable ∞-categories.

References: [Hoy18], [Cla23, Lecture 1], [And23, Kapitel 2].

5. Analytic Animated Rings (February 23)
Recall the notion of condensed analytic ring, then introduce its animated variant

and discuss its properties. Explain the construction of induced analytic structures
on animated condensed rings (see [Sch20, Proposition 12.8]). Introduce the notion of
steady maps of analytic rings and discuss its properties and some examples. For a
discrete Huber pair (A,A+), explain the construction of the analytic ring (A,A+)■.

References: [Sch19, Lecture 7] [Sch20, Lectures 11 and 12], [And21, Sections 2, 3.2,
and 3.3], [Man22, Sections 2.3 and 2.9].

6. Trace Class Maps and Nuclearity (March 1)
Introduce the notion of nuclear object in a symmetric monoidal stable (∞-)category

and discuss its properties. In particular, prove that if the monoidal unit is compact,
then an object is dualizable if and only if it is compact and nuclear. Introduce the
notions of trace class maps and basic nuclear objects. Prove that the full subcategory
of nuclear objects is generated under colimits by basic nuclear objects. Discuss the
notion of inner nuclearity following [And21, Section 5.3] Prove that for a discrete
Huber pair (A,A+), the full subcategory of nuclear objects inD((A,A+)■) is precisely
the derived category D(A) (see [Man22, Theorem 2.9.7]).

References: [Sch20, Lecture 13], [And21, Section 5.3], [Man22, Sections 2.3 and
2.9].

7. Analytic Adic Spaces and Descent (March 22)
For a general complete Huber pair (A,A+), define the analytic ring (A,A+)■.

Prove, following [And21, Section 4, Section 5.3] that the associations Spa (A,A+) 7→
D((A,A+)■), Spa (A,A+) 7→ Dω((A,A+)■), and Spa (A,A+) 7→ Dnuc((A,A+)■)
satisfy Zariski descent. Deduce from that the association Spa (A,A+) 7→ Perf A sat-
isfies Zariski descent as well.

References: [And21, Sections 3.3, 4 and 5.3].

8. 6-functors (March 29)

Define the category of solid quasi-coherent sheaves D■(X) on a rigid-analytic var-
ity X. Show that this assignment comes with a natural 6-functor formalism. Finally,
prove the Grothendieck–Serre duality in the rigid-analytic context.
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9. Nuc(X) is dualizable (April 5)
Prove that for a qcqs analytic adic space X, the category of nuclear sheaves on X

is dualizable in two steps. First, establish the result locally over affinoid Tate adic
spaces (see [And23, Kapitel 2]) using the notion of weak proregularity and then prove
[And23, Satz 2.14] concerning gluing of dualizable categories. Define (continuous)
K-theory of adic spaces.

References: [And23, Kapitel 2-4], [Yek21, Sections 2 and 3].

10. K-theory satisfies Nisnevich descent (April 12) Review the notion of
cd-structure for a Grothendieck topology and explain how it helps check the sheaf
conditions (see [AHW17, Section 3.2]). Introduce and discuss the Nisnevich topology
for schemes and analytic adic spaces (see [BH17, Appendix A], [Lur18, Chapter B],
and [And23, Appendix A]); in particular, discuss their equivalent characterizations
and describe the points of the corresponding topoi. Prove that the Nisnevich topology
in both situations comes with a cd-structure. Using it, prove that nuclear sheaves
satisfies Nisnevich descent on qcqs analytic adic spaces and deduce from it Nisnevich
descent for localizing invariants. Sketch the proof of the fact that étale descent is
Nisnevich+Galois (see [Lur18, Chapter B.7]) and prove that nuclear sheaves satisfy
étale descent (see [And23, Korollar 4.10]).

References: [AHW17, Section 3.2], [BH17, Appendix A], [Lur18, Chapter B],
[And23, Kapitel 4 and Appendix A].

11. Étale Hyperdescent (April 19)
Introduce the notion of hypersheaf and discuss its basic properties and equivalent

characterizations. In particular, discuss the notions of homotopy and cohomological
dimensions and their relation to hyperdescent. Sketch the proof of the fact for finite
dimensional qcqs schemes and analytic adic space, the corresponding Nisnevich topos
has finite homotopy dimension. Explain the counterexample [CM21, Example 4.15]
in the étale case. Sketch the proof of the hypercompleteness criterion in terms of
topos theoretic points (see [CM21, Theorem 4.36] and its adic analog [And23, Satz
B.31]) and use it to prove that for finite dimensional analytic adic spaces, local-
izing invariants satisfy étale hyperdescent after chromatic localization (see [And23,
Satz 5.14]) using the algebraic analog as input (see [CM21, Theorem 7.14]). If time
permits, explain the counterexample due to Clausen for étale descent of K-theory
in general: https://mathoverflow.net/questions/239393/simplest-example-of-failure-
of-finite-galois-descent-in-algebraic-k-theory.

References: [Lur18, Chapter 1.1.3], [CM21, Sections 2, 4, and 5], [And23, Kapitel
5 and Appendix B].

12. Grothendieck–Riemann–Roch, Part I (April 26) Explain the formula-
tion of the Grothendieck–Riemann–Roch theorem for analytic adic spaces: go through
[And23, pp. 32-38] and define all relevant objects and maps. Before explaining the
construction of the Chern class map, define the sheaf KU∧

p on analytic adic spaces
and identify it with LK(1)K(−) as in [And23, Satz 5.15] (see also the preceding dis-
cussion therein and [BCM20, Section 3]); in particular, state the Efimov continuity
theorem. Finish by constructing the Chern class map using [And23, Satz 6.12] (do
not prove it!).

https://mathoverflow.net/questions/239393/simplest-example-of-failure-of-finite-galois-descent-in-algebraic-k-theory
https://mathoverflow.net/questions/239393/simplest-example-of-failure-of-finite-galois-descent-in-algebraic-k-theory
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References: [And23, Kapitel 5 and 6], [CS22, Lectures 14 and 15].

13. Grothendieck–Riemann–Roch, Part II (May 6)
Prove the Grothendieck–Riemann–Roch theorem: first prove [And23, Satz 6.12]

and then explain the sketch of the proof on [And23, p. 38] by proving the relevant
statements from the second half of [CS22, Lecture 15].

References: [And23, Kapitel 6], [CS22, Lecture 15].
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