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Theorem 4.1. Let X be an analytic adic space and let U denote an arbitrary affinoid subspace of X.
Then the association U +— D((Ox (U), 0% (U))m) defines a sheaf of oo-categories on X.

Toen: Sug Srotey s doode ce '
\:u\- Uce Co\nﬁn\s V) t~ \KZA‘M&— L,), V&culic.o\n 0":.«-»4\*

Proposition 4.13 (|CM]|, Proposition 10.5). Let X be a spectral topological space equipped with a basis B
of quasi-compact open subsets stable under intersections. Let C be a stable oo-category and U — Cy € C
a covariant functor from B to full subcategories of C such that every inclusion map Cyy — C admits a
left adjoint L. Furthermore, assume that

(i) for every pair U,V € B, we have Cyrny = Cy NCy and Lyny = Ly oLy = Ly o Ly ;

(ii) let U be an element of B and suppose that {U; },.U; € B form a covering of U for every M € Cx
such that Ly (M) =0 for everyi=1,...,n, we have M = 0.

Then the covariant functor U — Cyr, with the left adjoints Ly as the restriction functors, defines a sheaf

of oc-categories.

Definition 4.2 (|Kdl|, Definition 1.6.6). Let X be an affinoid adic space and f an element of Ox (X).
The open covering { X ({), X (})} of X is called the simple Laurent covering defined by f and the open

covering {X (%),X (1+)} is called the simple balanced covering defined by f. A covering is called nice,
if it is a composition ol coverings, each of which is either a simple Laurent covering or a simple balanced
covering. A rational open subspace is called nice if it is an element of some nice covering.

Proposition 4.3 ([Kdl|], Lemma 1.6.13 and Lemma 1.9.14). Let X be an analytic affinoid adic space.
Then the family of its nice rational subsets forms a basis of quasi-compact open subsets, stable under
intersections. Furthermore, every open covering of X can be refined by a nice covering.

Proposition 4.11. Let (A, A*) be a complete Huber pair and f, g elements of A that generate an open
ideal. Assume that the map

AUy 2225 Ay
is a closed embedding (this is true, for example, if A is discrete or analytic and sheafy). Endow the
ef L
condensed ring Alg™"] 4 A .‘g[‘c-]Z[T, T, where the Z[T|-module structure on A is given by T +— g, with
Z[T

the Z[U]-module structure given by U é. Then we have the following isomorphism of analytic rings:
L L
AL AT (Lym= (A AN ® @T.Ze) @  ZU
AD. AT Dm=(AATm & (@rT 2w 6 ZU)

Furthermore, the map
(A, A )m = (A(L), A% (£)m

is a steady localization.



Remark. Let A be a general (i.e., not necessarily sheafy) analytic complete Huber ring and let f, g be
elements in A that generate an open ideal (equivalently, the unit ideal). Then the proof shows that
L " 1 L ,
(A Y (A’Z[T, T ], Z)m) & Z[U].
(Z[T].Z)m (Z[U]Z)m

is quasi-isomorphic to the complex

A(T) /(T - f) = [A@) =5 Aqmy).

S\ﬁ: (\"‘a’ ove wil bece CLM*L:

Lemma 4.7. Let A be a complete Huber ring. Then we have the following isomorphism of analytic
rings:
L
(A(T), A*(T))m = (A, A*)m & ZT]m.
im

In particular, for any profinite set QQ, we have the following isomorphism in D(A[T]):
L
(A(T), ANT))mQ] = (A, AT )m[Q] 2 Z[T)m.
Furthermore, the map
(A, A7 )m — (A(T), AT(T))m

is steady.

Proof. As the map Zg — Z[T|g is steady, both the second and the last parts of the statement follow
from the first. Applying Proposition 3.14, we obtain an isomorphism

AT) =AS Z{T]a.
“m

L
To prove the lemma, it suffices to show that the categories D((A, A" )g @ Z|T'|g) and D((A(T), AT{T))m),
im

both of which are full subcategories of D(A({T")) by the above isomorphism, are equal. Indeed, the desired
claim will follow as the completion functors in both cases are given by the left adjoints of the inclusion

L
functors. By Propositions 2.18 and 3.29, an object M € D(A(T’}) lies in D((A, A" )g ® Z[T|m) if and
im

only if it is (A7 )m- and Z[T']-complete. By Proposition 3.32 this is equivalent to being A™(7T")m-complete;
thus, we obtain the desired statement applying Proposition 3.29 one more time. a
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Theorem 5.50. Let M be a nuclear pseudocoherent object of D™ (A, M). Then M is discrete. In
particular, any dualizable object is discrete.

Proof. Without loss of generality, we assume that M can be written as
.= M|Sa] = M([S1] = M[Sp] — 0,

where {S;}i>o are profinite sets. Since M is nuclear, the canonical map f': M[Sy] — M can be factored
as the composition

L ey IV L (“I‘Awl;‘-(”?:l
M(S,) 282, MS)] & MIS)Y & M
(AM) (A M)

for some g’ : A =+ M[Sy]¥Y @ M. As A is projective, ¢’ can in turn be factored as the composition
(A M)

AL MS]Y & MSy) 22 misy)Y &
[ (JI t | M[Sp] —— M S[)1 Q\A M.
'@'a ’F\\“Q "n— WA (O

Thus, we have constructed a trace class map f : \/I[S(, — M[Sy] such that thv composition f’o f is equal
to f’. Therefore, the composition f'o (1 — f) is trivial, and, hence. we obtain the following morphism of

6),

triangles:

M([So] —=L5 M([So] — cone(l — f) —— M|So](1]

| I |

0 y M dy M y 0

39



N

\ It can be easily checked that the induced map H°(cone(l — f)) — H°(M) is surjective. Applying

. Lemma 5.51, we conclude that cone(l — fy) is a perfect complex over A. Consequently, cone¢ is
pseudocoherent and nuclear (by Lemma 5.40). It is straightforward to check that the cohomology group
H(cone(¢)) is trivial. Thus, we have the triangle

cone ¢[—1] — cone(l — ff) —2 4 M — coneg,

whose left hand side is pseudocoherent and nuclear. Arguing by induction, one shows that M can be
written as a colimit of discrete objects, and, hence, is discrete itself. O

Lemma 5.51. Let S be a profinite set and [ : M[S] — M|S] a trace-class morphism. Then cone(f —1)

is quasi-isomorphic to a complex of the form A"[—1] — A"[0].
F > Lv\a -“.l 0 )
(Fe )



