
classmaps 8 nuclearity D

⑤ Abstract context
-

Fix C an arbitrary closed symm .

Monoidal -categor

Auction : X, yf2 ,

internal hom y ".
X := 1

*

(where 1 is the unit)

& X(*) : = Hom (1
,
x) +

.
S

. Crapping spar

Remark : There is a natural map
-

xxy -> y

give via adjunction for

evidy : X* X** -> Y

Evaluating at Homb1
,
-

,

we obtain a natural map

Xxy(* ) -> Hom(X
, y) of anime

.

Def : Let fixty be a map in 2
.

We say

f is toclass if it lies in the image

of the nap Xy() -> Hou(x, 7)
.



Ea:Let&be asaboe
e

and gifty' hix't
②

aibitions
,

the gotch is trace class
.

2) If final of flixy' are trace class
,

then

3fof' : XOx'-> yay' is trac class
.

3) If fix-Ly is trace-class & Co2 is arbitrat
,
then there

is a diagonal rap just in

cex -)(Yey
Case...

X
=coy

↓ E ...--

-

X
L
-> y

reaking bott triaretes compute

Let' now assum that

1) I is stable & compactly generated

2) the unit 1f2 is a compact object .

Let . LetI be as above. The

1) we say XxC ins nuclear ifI compact object
ceC

,
the natural map

[x)(* ) -> Hon(c
,
x)

is a equivalence .

2) XeC is nuclear if it is isomorphic to the

colimit Xo - X
,

-> ---

of a senuence of trace class maps ,
and Xi de compacts



③
At : The objects X :

in 2) above don't neel to be assumed

compact
, but the one can prove that Xo-9t

,

- ta.
can be

refined to a diagra CC , -1C
,

all Compact -

Remort ! We car replan mapping anima will mappine spectra
-

condition 1) is insensitive to such a choice
.

Lemma' Basic nuclear objects are themselves nuclear
.

/

-

P : Fix xican tr
,

basic nuclear
,

Cheese Maps
1- X: Xi ,

correspon ding to trace class raps X: -Xit

Let c be are compact objects we want to show that

(* )(* ) -> Howel> x) is ar equivalence .

Now
,

both side
,

commute with colimits in ? and there are

natural backwards maps : lan(2,
x,)m(xi

,
1) -> Hom(>)

Hom(4xi) -> (km(,) X &x)( +) ->(cqx+1)(#)

Thus
,

we obtain equivalent colimits
,

and so
,

X is nuclear.

Now let's stud the category of mucher object.

er ! Let e satisfy starding assumptions. The

D the full subcategory Nuc of nuclear object in 2 i

stable
,

closed under colimits
,

I closed under teer products

2) The stable -category Nus is shi, compactly generated,
and the (2), compact objects are exactly the basic
nuclear objects.



Prof : Stability & cocompleteness of Nuc follow
sinc the Espectrum-Valued) funsters

(Co-)(* ) and Hom(
,
-

commute with all colimits (again,
c is compact here ...)

Closure under teaser products will follow from (2) since

basic nuclears are clearly closed under tensor products.

Now
,

lets move or to proving 2)
:

We remort that basic nuclears

are reli- compact in 2
,

have in NucCC). (by definition
Claim ! Basic nuclear object form a stabl subcategory of Nua

,

closed under countable colimite Enough to Verify closure
-

under comes 8 countable direct surs .

For stability under comes
,

let

fix-X' be map (of basic nuclear objects)
.

i
. e. Colim Xi -Coinxi

.

Up to reindexing the xi'
,
can assum

individual maps xi-Xi !

Let Q :: Cone (xi-xi)
.

W. S Qi-Qith trace class ti
.

(not time generally that

Qi-ku ,
is trace (

Class
.

We real to define 1- Q QQin Witnessins this map .

Cor view this as file of map

(i) Qin -> (xi) Gin)
.



It is therefore enough to define ③
↓ A .. ) " x ,in

where images in Xi it
agree .

&
I Xi Xitz

To define this
, pick sections

2 : 1 - x Xi 5- Tuts
witnessio

,

the

6 : 1- (x Xit Xi, Kira a

trace
class

,

Now take the indual
map 3 this shor s thus that

d : It X! Xitz Qi-Qite is trace class
,

V so basic nuclearsore
v6 : It It," xitz closel unde comes

.

Cfinite colimits)

It remain to check for countable direct surs
. Choos a representative

of each term as a sequential colimit along trace

class
maps .

The rewith countable direct sum as a

sequential colimit of finite direct surs. Pass to diagonal
in sequential colimit of sequential colimit .

Just say

Thus
,

we see that every basic nuclear is di-compact, and thisrt
...

that they are closes moder countable colimiti
.



It remains to show
,
VXcNuc(l)

, ⑥
if HomCy

,
1) : 0 basic nuclear Y

,
the X = 0

.

If not
,
the there is som compactCo

,

with non-zero Map

C
.

-> X
.

By nuclearity
, (2)() : Hom (1 -, x)

.

Now
,
line bett side of the above corret with filtl Kolimits &

Since XFCAYi
,

with y compact, there is a lift to

Sem class in To(Yi) (*) for some is giving a ess
map.

Let CiY .

Iteratin this
,

he finl a nonzero map
for sone basi, nuclear

colim (3-34
,

-
... ) to C

↓

which is a contradiction
⑳

merit&duplicabiene
the above assumptions ,

an object x+C

is dualizable iff it is compact & nuclear
.

Preat ! It is a several fact that if the tensor unit
-

is compact, then all dualizabl objects are compact as well.

Indel Hon (
.

X
, Culin, Ni) = Hom (1

,
X crty Ni

= Hor (1, Clim (XGNI)

↑ colimHom(1, XQNi)
- >

- in Hom (X,Ni



OZ
Out of this we also see that every

dealizabl object is

basic nuclear
,

as it follows from the axiors that idm : M-M

is trace class
.

(this is on if & only if)
-

For the reverse implication,

assume M is nuclear of compact
.

Ther
,

fer are compact ob ; P
,

we have

(PVQM) (*) : How (P ,
M)

,

but he also have (POM(#) = How (1
,

ProR)
.

for are

P
.

Get P : M
S
toset a map i : 2- MVQM

,

Coming

from identity map idmiM- >M
.

One new checks that mil-Mam 2 ev : diam-

give ,
the duality

.

-

Nuclearity in & (A
,M)

-

Yet 2 = DCA
,
M)

,
for AMS an analtic Canimatel rive.

The nuclarity will be phrased as
:

↓ extremall disc
.

Set S
,

(MCs]O' X) (*) - > How (MCs) .

x)

= X(s)

is a equivature in D(Ab)
.

R! If M is compact, the it is a retract of a finite complex with

terr, of the form CMSsi] for some non-negative n
,

f profititisete

Si



There is in fact
,

an obvious "inner nuclearity" variety whil . O
in this case will be satisfied.

'

PBefore statio
,

the following proposition,

an describe how to
↑

extel the functor of measures to all prefinite setz
.

For St (*)proces
compute by take

MCs) :: A [S] &(A
,

M) L hyperson (S.

-26 of s by

ext. disc
.

Stuff
...

Fact'-
If (AM) is an analytic ring over 20

,

the MCS) is

concentrated in degree zero
,
compact & projective .

Meerer
,
MIS

.]QMs
=M(5,

XS : ]
.

Rop' .

Let + D /A
.

M) be nuclear .

Then
,

for any profinite set

Sc the natural map

MCs) "Q' -> L (M2S] , X)

is itself
ar equivalence .

Rakproof !

Seeringl stronger characterization of nuclearity : XENu

C &out
.

ENCA(A
,M)

I
k(M(s]

, N)GX)(t) - NaX(s)

Set N = 1
,

to set previou version

One show
,

the that (MCS]
,

N) X =
m (MCs),

as4, -

# : Need to check UGE Ext
.

dis

hom (M(G]
,
h (M(s ,

N) x) - how (M2)
,L (MCS]

,

Nex

use MCQxS) = M(kJQM(3)



C
clearityover discrete Huber pairs

Recall CA
,

AY)
,

A discrete (but not necessarily static)

At To(A) integrally closed
.

Lindal
The there is a fulls faithful furster structure from (kit time

(discrete Huber pais) -> An Ring

(AAT) # (At
,Mat)

,

with Mat ! ExOix ->Azu(Al (SA() Ad

We will see that for anaitic rines coming from discrete
Huber pairs

,
nuclearity is the save as "discretires". Lions(

Def : Let (A
.
M) · Viewing A as a condenses rivg A

,

he ca

take A()
,
siving a functor

"relative eon i

)(A
,
M) -> Modac

,

admitting ar exact fully faithful left adjoint Mr >M := Mr (A
,
M).

A(+)

he say M is discrete it it lies in the image of the abors.

.
CAPit will beR : Dealing with discrete Haber par

the will in particular are as colimits of A
.

Rition ! Let (A
,

A
+ ) be a discrete tuber pair. The

XGDCA,Ato is nuclear if it is discrete
.

- >



Proof : Fix X nuclear
,

⑩
-

Pick Si linSi extremelle dis
.

With Si firite

the Ma(D)" = In A . (MaxCS) ,
A)

< by avelativit

: Hm
A
(ACS)

,

A)

= Hom (S ,
A)

= colly Hom (Si
,

A) : ColimAs

This
,

by nuclearity
,

we obtain

x(s) = (a(s)eX)(# ) = (iva' & X)(#)
(A

, Mat)

: Cim X (#)

= div X(Si) .

This immediately implies that X is discrete

conversely
,

if X is discrete
,
it is a colimit of copies

of

A . ButA is nuclear
,

and nuclear objects are stable

under colimits
.

Brigidity :

Give GAMo
,

NurCAMI will be a rigid category
.

These cre 26 (Alg(Post) which can be give the followin characteristi

① I trace dess Maps)
·

3* i compact iff Vei) sit 1 2: = 0

,

= Scorpact maps) Ficti
, Ejsi sit . x= Y- z. - 1 E,

->
② dealizable

.

O



As a consequen
,

this category is self ducil
.

For (A
,
M)
, taking nuclear objects is the sidification

of DCA
,
M)
·


