
 

K theoryofAdiesoaces

Taolo.gg X compact Hausdorff space

x the complex KTheory spectrum

Jax
an object of
algebraic topology
has homotopy groups

One way
to think about them

E groups
are spectra with no negative

difficult todefine homotopy groups

Kilx Ti KW

Ko x the group completion of
the

monoid of isoclasses of e vb onX

Let's see what it is

Vecto x monoid wot direct sum

If X Vecto A IN Ko Z



Algebra Algebraecometry

an algebraic variety scheme
already the case X Speed

is interesting

RX the Ktheory spectrum of

As in the topological situation the

definition is difficult

Ko x admits a similar description
for nice schemes in particular affine

One nice class is formed by so called

geops schemes with resolution property
Question X a proper algebraic variety 6

What is the relationship between K X and KX
Interesting question even for Spec

Generalities Let A be a spectrum.Then
anacto we have the followingmellback

diagram A A IQ

MAP MAP QQ



Oconctionfkheary

Gettys apr
12 12

K X KX

Example X See

ect Infect 5512 12

K Saeed KC

Remarks later we will change the

perspective which will be
crucial to all

our considerations



Theatigned KCH
is an isomorphism

Questions Is there an analogue of

the RHS in non archimedean geometry

In particular just for Qp Zp

Adie Geometry
a non archimedean

analog of
complexanalytic
geometry

Setu CR Rt a complete Heberrors

a certain class of pairsof
topological rings

SoaR Rt the Rt R open integrally
closed

adie spectrum of Rt



Det Spa R Rt D R fpient.r.intUB Y 1
ordered
ab group

Example p Ip its adie space
has two points

Qp Bp its adic space has

just one point
Spa QpLT ZpLT

CQPLTJZ.PT 11
the closedunit
disk over Qp

Alap Pop

Generalisation glue SalR R
along open embeddings

Goal construct K theory
for arbitrary

complete theber pairs
and maybe

extend it

to analytic adic spaces

Spa ZpZp is notanalytic
Soa Qp Bp is analytic



Reasons usual algebraic K theory
does not

take the topology of R into account

furthermore it does not satisfy descent

i e U KLM is at a sheat
u open

Continuity fails

KCR In KIRTI

R an I adically complete
Noetherian ring

Our K Theory will satisfy all
of these properties

In the discrete case it willjustagree with algebraic
K theory Furthermore it willadmit an abstract

description which is convenient
for many purposes

Before we proceed let's consider Bp

KCBp Keep QQ K1Zp LIKED
is an iso I

MKLZp MKLZPL Q we willonly
l l l change the

rational

part



Modernarroacht heory otschene

Let X be a gegs scheme
Consider

its a derived category of quasi coherentsheaves

Dp X AeD Ox Mod AEQUKS

Fact Dge x is compactly generated by

its full subcategory of perfect
complexes

Example Speed In this case

Dorbeck D R

Perf Spec D
bounded complexes
with projective terms

K theory functor
Definition dualizable

scheme compactly generated

geometricobject stable category

spectrum

i e adic space



For schemes

Ñ K Done X

Redone group completion
is very

complicated

we can see K theoretic behavior at
the level

of categories

What does condensed math do

It makes the first step possible

Before the invention of condensed math

we had no category
of quasi coherent

sheaves even on nice adic spaces

Construction CR Rt complete Huber pair

Consider Raise with its discrete topology

Raise an analyticring
in the sense

of condensed math

sed



Now consider the following map of condensedrings

Raise R_
We can induce an analytic structure

on

concentrated

B via this Map If in degree 0

R R 1 artisers

Example Rp na EST MZp
I

QP IS M Bp p
I

To every analytic ring
we can associate

the category D
CR Rt However

this category is too big from the

point of view of K theory



It's compactly generated but

Zp ME FM2p o

so the class of is trivial in Ko

We need to pass to the full

subcategory of
nuclear objects

Lst M an analytic ring

N 81 is called nuclear it System

MESTON NCS

Hans MLS St

Home K M 0N home K M N

K compact M Kst 54



Examples CR Rt discrete Huber
pair

Then Nuk R A e D R

In particular Nak Bae D 2

Dp or QP

everything
is generated by

CCS Bp S profinite
CCS Qp

In other words

PLT or PLT



Theorene let Rt be a nice complete

theber pair Then

Neck R Rt a is independent of Rt
M

Rs

5 ÉÉ r is nuclear

CCS R CCS 2 cisxs.ir

the category
of nuclearmodules

is dualizable

it satisfies étale descent on

analytic adic spaces

Def keep K Nuk Bp



Theorem

FaZp keep
is an iso modulo

every m


