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FORMALITY FOR RIGID-ANALYTIC SPACES SATISFYING
THE WEIGHT-MONODROMY CONJECTURE

ALEXANDER PETROV AND BOGDAN ZAVYALOV

ABSTRACT. We prove that étale and de Rham cohomology algebras of a smooth proper rigid-
analytic space over a finite extension of Q, are formal if the rigid-analytic space satisfies the
weight-monodromy conjecture. We give examples of smooth proper rigid-analytic surfaces
whose cohomology algebras are not formal.

1. INTRODUCTION

In this paper, we study formality of cohomology of p-adic rigid-analytic spaces. Recall
that complex Hodge theory implies the following two special properties of the cohomology of
compact Kéahler manifolds:

Theorem 1.1 ([DGMS75]). Let X be a compact Kdhler manifold.

(1) Then the Hodge-to-de Rham spectral sequence Ei’j = H/(X, Q%) = H™ (X, C) degen-
erates on the first page, and

(2) the Exo-algebra RTqr(X/C) is formalt, i.e. it is quasi-isomorphic to the Ex-algebra
Do Hir (X/C)[—1].

We note that [Sul77, Theorem 12.1] and [HS79, Corollary 6.9] imply that the E-algebra
R ing (X, Q) is also formal for a compact Kéhler manifold X. The significance of this property
is that for a simply connected Kéahler manifold X its rational homotopy type is therefore
recovered from the cohomology ring H;‘ing(X , Q) via Quillen’s rational homotopy theory.

For a prime number p, Hodge-to-de Rham degeneration holds for all smooth proper rigid-
analytic spaces over C,, = Qp, cf. [Sch18, Theorem 2.1]. This is remarkable in that the de-
generation fails for arbitrary compact complex manifolds, so in that respect arbitrary smooth
proper rigid-analytic spaces behave as Kahler manifolds.

The main result of this paper is that formality for cohomology of a smooth proper rigid-
analytic space defined over a finite extension of Q, holds, provided that it satisfies the weight-
monodromy conjecture:

Theorem 1.2 (Theorem 5.1 and Lemma 5.2). Let p, ¢ be prime numbers, possibly equal, let
K be a finite extension of Qp, and let X be a smooth proper rigid-analytic space over K.
Assume that the weight-monodromy conjecture holds for Hét(ch,Qg) for all i > 0. Then
the Ex-algebra RI'¢ (Xc,, Qq) is formal. For { = p, the de Rham cohomology E-algebra
R4 (X/K) is also formal.

We refer to Definition 5.5 for the precise meaning of the phrase “the weight-monodromy
conjecture holds for H}, (Xc,, Qe)”. We also note that the example of a Hopf surface [Sch13b,

3We note that the notion of F-algebras over a field of characteristic 0 is equivalent to the notion of
commutative dg-algebras.
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p. 16] shows that the weight-monodromy conjecture is false for a general smooth proper rigid-
analytic space. Moreover, we find examples of smooth proper rigid-analytic spaces whose
cohomology algebras are not formal:

Theorem 1.3 (Proposition 3.2). There exists a smooth proper rigid-analytic surface X over
Q, such that the Ex-algebra RT'«(Xc,, Qe) is not formal for every prime £ (including £ = p).
Furthermore, the Ex-algebra RTqr(X/Qp) is also not formal.

A simpler special case of Theorem 1.2 consists of smooth proper rigid-analytic spaces with
good reduction. They satisfy the weight-monodromy conjecture by Weil conjectures, and their
f-adic cohomology algebras are formal as a consequence of the fact that Frobenius eigenvalues
on different cohomology groups are distinct, cf. [Del80, Corollaire 5.3.7].

Theorem 1.2 applies to algebraic varieties as well, though it is only of academic interest
in this case: even if the variety in question has bad reduction at p, we can spread it out
and reduce modulo another prime of good reduction to deduce formality of cohomology from
the Weil conjectures. This spreading out technique is notably unavailable for rigid-analytic
spaces.

As an important technical step towards the proof of Theorem 1.2 for £ = p, we give a
description of the derived category of de Rham representations that mimics the definition of
the abelian category of de Rham representations. We denote by Repq, Gk the category of
continuous finite-dimensional Q,-linear representations of the absolute Galois group G'x, and
by Rep(éRp G its full subcategory of de Rham representations. We write D(RepQP Gk) and

D(Rep‘éRp G ) for their respective derived oco-categories. Finally, D(G; BXR) denotes an ap-

propriate version of the derived oco-category of condensed BIR—semilinear G i-representations
(see Notation 4.5 for a precise definition).

Theorem 1.4 (Theorem 4.12). Let p be a prime number, let K be a finite extension of Qp,
and let G be its absolute Galois group. Then there is an equivalence of symmetric monoidal
oo-categories

b dR b
D (Repr GK) ~ Dg1(K) X D(GriBLy) D (Repr GK),
where Dg1(K) is the filtered derived oco-category of K-vector spaces.

We refer to Theorem 4.12 for the precise formulation of this theorem, including the con-
struction of all functors involved in the theorem. Theorem 1.4, combined with the de Rham
comparison theorem, allows us to lift RI'¢((Xc,,Qp) to an E.-algebra in Db (Rep‘éRp G K),
cf. Proposition 4.17. We expect that one can alternatively do this by combining the results
of [DN18] with the semi-stable comparison theorem of [CN20], see Remark 4.18.

Idea of the proof. To explain the idea of the proof of Theorem 1.2, recall the following
point of view on the formality theorem over C provided by the theory of mixed Hodge com-
plexes. For an algebraic variety X over C, [Bei86, 4.1] naturally promotes RI'(X (C), Q) to an
object of the derived category Db(MHSQ) of the abelian category of mixed Hodge structures.
Applying Deligne’s fundamental observation that the weight filtration on an R-mixed Hodge
structure comes with a natural splitting, we obtain a decomposition of the underlying complex
RI'(X(C),R) € D(Vectr) into weight pieces, which is compatible with the algebra structure.
When X is smooth proper, H (X (C),R) is pure of weight i, hence this decomposition is
exactly a formality isomorphism.

To prove Theorem 1.2, we show that for ¢ # p the f-adic cohomology FE..-algebra
RI¢(Xc,, Qe) lifts to an algebra in the derived category Db(RepgiZX W Dg) of the abelian
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category of mixed Weil-Deligne representations, whenever X is a smooth proper rigid-analytic
space satisfying the weight-monodromy conjecture. This is shown as a consequence of an ab-
stract fact about the derived category of Weil-Deligne representations, provided by Theorem
5.13.

Formality for ¢ # p then follows as a consequence of the fact that the weight filtration on
a mixed Weil-Deligne representation is naturally split.

To prove formality of Q,-étale cohomology, we apply Fontaine’s functor Dy to the complex
RI'¢(Xc,,Qp), to be able to use the same general result about Weil-Deligne representations.
We are in a position to apply the functor Dy to the étale cohomology complex, because we
have upgraded it to an object of the derived category Db(Rep‘éRp G k) of the abelian category
of de Rham Galois representations, using Theorem 1.4, as described above.

Examples in Theorem 1.3 showing that formality does not always hold for rigid-analytic
spaces are constructed by adapting a familiar construction from complex geometry. One
of the best-known examples of a compact complex (necessarily non-Kéhler) manifold whose
cohomology is not formal is the Iwasawa manifold [DGMS75, p. 261], but its construction
does not have a p-adic analog.

Instead, we use that primary Kodaira surfaces do have p-adic analogs. We show that
their étale cohomology algebras are equivalent to those of their complex counterparts. In
particular, they are not formal because the cohomology algebra contains the cohomology of
the Heisenberg group as a tensor factor.
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2. RECOLLECTIONS ON FORMALITY

For a commutative ring R, the category of E.-algebras over R is, by definition, the cat-
egory of commutative algebra objects in the symmetric monoidal derived oo-category D(R)
of complexes of R-modules. Given any Grothendieck site C with a sheaf O of R-algebras,
the cohomology complex RI'(C,O) € D(R) can be naturally enhanced with an E-algebra
structure, using the lax symmetric monoidal structure on the functor RI'(C, —).

When R is a Q-algebra (as is always the case in this paper), the category of F-algebras
over R is equivalent, via the Dold—Kan correspondence, to the co-category of commutative dif-
ferential graded R-algebras localized at quasi-isomorphisms; see [Lurl7, Proposition 7.1.4.11].
For example, the fact that the singular cohomology complex RIsing (X, Q) of any topological
space X can be naturally represented by a commutative differential graded Q-algebra goes
back to Sullivan, cf. [DGMST75, §2].

We say that an E-algebra A is formal if it is equivalent to @ H*(A)[—i] where the latter

i€Z
graded commutative algebra is viewed as an FE.-algebra. If R is a Q-algebra and A is
represented by a commutative differential graded algebra A® = ... G g 4 qi+t 4 then
formality is equivalent to the existence of another commutative differential graded algebra B*®
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admitting maps B® — A® and B®* — (H*(A),0) that induce isomorphisms on cohomology, as
one shows using semi-free resolutions [Dri04, 13.4].

3. EXAMPLE

Let K be a finite extension of Q,, and denote by C, = K the completion of its algebraic
closure. We choose any elliptic curve E over K and a line bundle L of degree 1 on E. Consider
its total space Y := (Totg L)\ E with the zero section removed. Note that this is an example of
a smooth non-proper algebraic variety whose cohomology is not formal, cf. [Mor78, Example
on p. 203]. We will now turn it into a proper rigid-analytic space by taking an appropriate
quotient. This smooth variety is equipped with an action of G,,, given by dilation along the
fibers. In particular, Y admits an action of Z via a homomorphism Z — G,,, sending 1 to p.

Construction 3.1. We denote by X = Y?" /p% the rigid-analytic space over K obtained as
the quotient of the analytification of Y by the action of Z described above.

By construction, X — E?" is a (non-trivial, as we will see) analytic torsor for the constant
rigid-analytic group G2*/pZ. The latter group is a Tate elliptic curve, see [BGR84, Theorem
9.7.3/3]%. In particular, X is a smooth proper (geometrically connected) rigid-analytic surface
over K. This construction goes back at least to [Uen87, §6 a)], see also [Willl, 3.4] for a slightly
different presentation of the same surface.

The main result of this section is that cohomology algebras of X are not formal:

Proposition 3.2. For all primes ¢ (including { = p) the E-algebra RI'¢;(Xc,, Qe) is not
equivalent to @ H, (Xc,, Qe)[—i]. Also, the de Rham cohomology Ex-algebra RTqr(X/K)
i>0
is not equivalent to @ Hig (X/K)[—1].
i>0

We will reduce the computation of étale cohomology of this rigid-analytic surface to the
computation of the cohomology of its classical complex-analytic analog.

Choose an embedding K — C and denote by Y&" the complex-analytic space associated
to Yc, and let X¢ be the complex manifold obtained as the quotient of Y3" by the same
action of pZ as above. This compact complex surface is known as a primary Kodaira surface,

of. [BHPVAV04, V.5.BIb)].
Lemma 3.3. There is an equivalence of Ex-algebras RT's;(Xc,, Qr) ~ Rlsing(Xc(C), Qy).

Proof. As mentioned above, the action of the group Z on the algebraic variety Y induces
actions on the rigid-analytic space YS‘; and the complex analytic space Y&". The spaces Xc,
and X¢ are the quotients of Yg;} and Y&" in the respective categories. In particular, we have
equivalences of F..-algebras

(31) Rrét(XCp7 Qf) = RF(Z7 Rrét(yéu;a Qf))
Rlging (Xc(C), Qr) ~ RI'(Z, Rlging (Y& (C), Qo))
where the outer RI" on the right-hand sides refers to the cohomology of the discrete group Z.
Combining the comparison between rigid-analytic and algebraic étale cohomology (see

[Hub96, Theorem 3.8.1]), the Artin comparison between algebraic étale and singular cohomol-
ogy (see [AGVT2, Expose XVI, Théoreme 4.1]), and the independence of étale cohomology

2Strictly speaking, [BGR84, Theorem 9.7.3/3] assumes that p # 2. However, this is not needed to justify
that G2 /p? is an elliptic curve.
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of the algebraically closed ground field (see [AGV72, Expose XVI, Corollaire 1.6]), we get an
equivalence of E-algebras in D(Repq, Z)

RE«(YE), Qo) ~ Rlat (Y, Qo) =~ Rlsing (YE"(C), Qo).

Applying the functor RI'(Z, —) to this equivalence and using the equivalences (3.1) we get
the result. O

Denote by I' the Heisenberg group

1 a b
{ 01 ¢ a,b,cGZ}CGLg(Z).
0 01

It can be characterized as the unique group that can be established as a central extension
1 - Z T % Z% - 1 of Z2 by Z such that « induces an isomorphism between the
abelianization I'*P and Z2.3

The following description of the topology of Kodaira surfaces is classical, see [Has05, (4)
on p. 755] or [Bor84, p. 374], but let us include a proof for completeness.

Lemma 3.4. The complex surface Xc(C) is homotopy equivalent to the classifying space of
the group I' x Z. In particular, the E-algebra RTsing(Xc(C), Qe) is equivalent to the group
cohomology algebra RI'(T" x Z, Qy).

In the proof below, we will ignore the choice of a base point in the definition of homotopy
groups ;. Since all spaces considered are connected, this should not cause any confusion.

Proof. We will prove that Xc(C) is a K(m, 1)-space whose fundamental group is isomorphic
to Z x I', which is equivalent to the assertion of the lemma.

Step 1. YE(C) is homotopy equivalent to K(I',1). First, we note that the natural map
[:Y&(C) — EZ(C) is a fibration with fibers isomorphic to C*. Since both Eg(C) and
C* are K (m,1)-spaces, we conclude that Y3"(C) is also a K (7, 1)-space. So we only need to
show that 71 (Y&"(C)) is isomorphic to the Heisenberg group I'.

For this, we consider the homotopy exact sequence for the fibration mentioned above (which
is exact on the left because m (EZ(C)) = 0):

1—Z— m(YE(C)) = m(EE(C)) — 0.
We claim that this extension is central. To see this, it suffices to show that the action of
1 (EE(C)) on Z ~ m (C*) ~ H,(C*,Z) ~ H(C*, Z) is trivial. This follows from the fact
that the local system R! fi Z is isomorphic to the constant local system Z.*
Therefore, we conclude that m (YCa“(C)) fits into a central extension 1 — Z —
7 (Y& (C)) — Z* — 1. We are only left to show that the induced map

rib (Y& (0)) - ni® (B8 (0))
is an isomorphism. The Hurewicz theorem implies that this is equivalent to showing that

the map H (Y&"(C),Z) — H; (E¥'(C), Z) is an isomorphism. Using the universal coefficient
theorem, we see that it suffices to show that the natural map H'(E®!(C), Z) — H' (Y&*(C), Z)

3H?(Z?, Z) is isomorphic to Z, under this isomorphism the class of a central extension 0 — Z — G 272 50
corresponds to the integer [Z, 9] for any #,7 € G lifting the chosen basis elements x,y € Z>. The map /3 induces
an isomorphism G®® ~ Z? if and only if this integer is &1, which is the case for G =T..

4To see this claim, note that f admits a compactification by a P'-bundle f: P3(L © 0)(C) — EX(C).
Using this, one sees that R' fi Z ~ coker(f,Z = Z — Z*) ~ Z.
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is an isomorphism and both H?(E#(C),Z) and H*(Y&(C),Z) are torsion-free. Clearly,
H?(E%(C),Z) ~ Z is torsion-free.
For other claims, we consider the Leray spectral sequence
ELY = HP(EE(C),RIf.Z) = HE 1(YE™(C), Z).

Now we use that f,Z ~Z, R'f,Z ~ Z, and R'f,Z = 0 for i > 2.° Hence, the only potentially
non-trivial differential H°(EZ}(C),R' f,Z) — H?*(EE(C), fiZ) is given, up to a sign, by
sending 1 to the first Chern class ¢1(L) of the line bundle L used to define Y. Since deg L = 1,
we conclude that this map is an isomorphism. This formally implies that H! (E%H(C), Z) —
H!' (Y&"(C), Z) is an isomorphism and that

H?(Y&"(C),Z) ~ H'(E&(C),R! ,.Z) ~ HY(E¥(C),Z) ~ Z*.

This finishes the proof that Y&"(C) is homotopy equivalent to K (I', 1).

Step 2. Xc(C) is homotopy equivalent to K(I' x Z,1). Since X¢(C) is the quotient of
Y&"(C) by a free action of Z, we conclude that Xc(C) is a K (m, 1)-space and its fundamental
group fits into the following short exact sequence:

1 m (Y&(C)) - m(Xc(C) HZ—1.

This defines an outer action p: Z — Out(m (YE*(C))). Since 7 obviously admits a
group-theoretic section, it suffices to show that p is trivial to conclude that (XC(C)) ~
7 (Y& (C)) x Z ~ T x Z. This action is induced by the action of Z on Y&"(C) such that
1 acts by fiberwise multiplication by p. This automorphism is homotopic to the identity au-
tomorphism, therefore the induced outer action on 7 (Y&*(C)) is trivial. This finishes the
proof. O

Proof of Proposition 3.2. Combining Lemmas 3.3 and 3.4, we get that the étale cohomology
RI'¢(Xc,, Qe) of our rigid-analytic surface is equivalent, even as an E.-algebra, to the group
cohomology RI'(I' x Z, Q). But the latter is non-formal even as an Ej-algebra by the classical
observation that there exists a non-trivial Massey product in the cohomology of the Heisenberg
group I, cf. [DGMST75, p. 261]. Non-formality of de Rham cohomology now follows by Lemma
5.2 below. g

Remark 3.5. One can also compute the cohomology of Y¢, via purely p-adic methods.
Assume for simplicity that E has split multiplicative reduction, so that its analytification is
a Tate curve G%"K/qz for some ¢ € mg C Ok. Then X¢, can be described as a quotient of
(G?r?’ Cp)2 by the group Z? which allows one to compute its cohomology via a Leray spectral
sequence, see [Willl, 3.4].

4. DERIVED CATEGORIES OF (GALOIS REPRESENTATIONS

4.1. Representations. Throughout this subsection, we fix a finite extension K of Q, with
absolute Galois group G g and a prime number ¢ (which could be equal to p). The main goal of
this subsection is to define the correct derived category of continuous Qy-linear representations
of G K-

5To see these isomorphisms, we also use the P'-bundle compactification f of f and the associated distin-
guished triangle Z%*[—2] — Rf,Z — Rf.Z.
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For this, we will use the proétale site BGk pro¢t as defined in [BS15, §4.3]. Its underlying
category is the category® G pfsets ~ Pro(Gxfsets) of profinite sets with a continuous
G -action with covers given by continuous surjections.

Any topological space X with a continuous G g-action gives rise to a proétale sheaf X €
Shv(BG  prost; Set) defined via the formula X(S) = Mapg, cont(S, X), see [BS15, Lemma
4.3.2]. In particular, topological ring Q; equipped with a trivial action of Gk defines a sheaf
of commutative algebras on BGk pro¢t that we denote by Qg as well. From now on, we denote
the abelian category of sheaves of Qg-modules on BGx pro¢t by Mod(Gk; Q) and its derived
oo-category by D(Gg; Qy).

Construction 4.1. There is a fully faithful, exact, symmetric monoidal functor
Repq, Gk — Mod(Gk; Qe)

which sends a continuous finite-dimensional Qg-linear representation V' to the associated sheaf
V on BG g prost- In what follows, we will often simply write V' in place of V.
Since this functor is exact, it induces a symmetric monoidal functor D(Repq, Gk) —

D(Grk: Qy).

We will now prove that this functor is fully faithful, using the following lemma. Let ¢ € Gk
be any lift of the arithmetic Frobenius element along the map Gx — G /I ~ Z.

Lemma 4.2. Let VU € Repg, Gk and let S = Q- e1 & Qq - e2 be the two-dimensional
continuous Qg-linear G g -representation such that the inertia Ix acts trivially on S, and ¢
acts via the Qg-linear transformation such that o(e1) = e1 and p(e2) = e1 + ex. Let V —
V ®q, Sym" S be a homomorphism of Gk -representations defined via the formula v — v ®ej.
Then the induced morphism

Homg, (V ®q, Sym" S,U) — Homg, (V,U)
is zero for any r > dimgq, V - dimq, U.

Proof. Note that Homg, (V ®q, Sym"S,U) =~ Homg,(Sym"S,VY ®q, U) and
Homg (V, U) ~ Homg, (Qs, VY ®q, U). Therefore, it suffices to show that the in-
clusion Q, — Sym"S, defined via the formula z +— xe], induces the zero morphism
Homg, (Sym" S, W) — Homg, (Q¢, W) for any W € Repq, Gk such that dimq, W < 7.

In other words, we need to show that for any homomorphism 7': Sym" S — W for W as
above, we have T'(e]) = 0. For this, we note that (¢ — 1)(e]) = 0 and (¢ — 1)"(ey) = 7! - €]
in Sym” S. Therefore, we conclude that for any homomorphism 7': Sym” S — W, we have
T(e}) € Im((¢w—1)")NKer(¢w—1). Now note that this intersection is trivial if r > dimg, W.
This finishes the proof. g

Lemma 4.3. Let K be a finite extension of Qp,. Then the functor Db(Reer Gg) —
D(Gr; Qp) is fully faithful. Its essential image is characterized as the subcategory of objects
M € D(Gk; Qp) such that each H (M) € Mod(Gk; Qy) arises from an object of Repq, Gk
and is zero for almost all i € Z.

This was proven for ¢ = p in [EK, Proposition 1.3.2]. We give here a uniform argument for
all /.

Proof. An inductive argument reduces the question to showing that the natural morphism
Ext’Resz ax(ViW) — Extg BGK,proét?Q(’.)(V7 W) is an isomorphism for any V, W € Repq, Gk

6This equivalence follows from [RZ10, Lemma 5.6.4].
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and ¢ > 0. Furthermore, we can replace V with Q; and W with VV®W and use [BS15, Lemma
4.3.9] to reduce the question to showing that EthRepQ o (Qu W) — H. (Gg, W) is an
£

cont
isomorphism.

Since this map is an isomorphism for i = 0, [Buc60, Proposition 4.2] implies that it suffices
to check that for any V' € Repq, Gk and u € H.,,,(Gk, V), there is an injection V < V’ in
Repq, Gk such that the image of u vanishes in H!(Gg,V'). Since the f-adic cohomological
dimension of Gk is 2, we only need to deal with cases ¢ = 1 and i = 2.

For i = 1, [AMO03, Theorem A.1] implies that Ext'(Qe, V) — H. (G, V) is an isomor-
phism. Thus, the class u € H. (G, V) is represented by an extension 0 — V — W —
Q¢ — 0. Then the injection V < W annihilates the class u € H. . (G, V).

For i = 2, local Tate duality implies that H2 (Gg,V)" ~ HO . (Gk,VV(1)) =~
Homeg, (Qe, VV(1)) ~ Homg, (V,Qu(1)). Therefore, it suffices to show that, for any
V € Repq,Gk, we can find an injection V < V' such that the natural morphism
Home, (V',Qu(1)) — Homg, (V,Qe(1)) is zero. This is achieved by taking V' := V ®q,

Sym¥™Q: V' § from Lemma 4.2. O

Remark 4.4. (1) Note that the analog of Lemma 4.3 is false for an arbitrary finitely
generated profinite group I' in place Gx. The category of continuous representations
of the group I' = SLy(Z,) on finite-dimensional Qy-vector spaces is semi-simple, but
H2,,+(SLa(Z,), Qp) =~ Q, is non-zero by Lazard’s theorem [Laz65, Théoréme V.2.4.10].

(2) We do not know if Lemma 4.3 holds for other fields in place of K. However, a
consequence of Beilinson’s basic lemma [Bha, Remark 21.5] is that for any finite type
scheme X over a field F' of characteristic coprime to ¢ there is a natural object of
Db(Reer Gr) lifting RT¢; (X7, Qe) € D(GF; Q). It seems natural to expect that the
same applies to f-adic cohomology of any smooth proper rigid-analytic space X over
a non-archimedean field K of characteristic coprime to £.

4.2. Derived category of de Rham representations. Recall that a finite-dimensional
Q-representation V is called de Rham if there exists a K-vector space D together with a
G ik-equivariant isomorphism

V ®q, Bar ~ D @k Bar
of Bgr-vector spaces. Alternatively, we may rephrase this condition by saying that there
exists a filtered K-vector space D together with an isomorphism

(4.1) V ®q, Big ~ Fil’(D ®k Bar)

where Fil° on the right-hand side is taken with respect to the tensor product of the given
filtration on D with the filtration Fil"Bggr = t”B;{R on Bgr. The filtered vector space D is
in fact naturally recovered from the de Rham representation V.

In this subsection, we prove that the verbatim derived analog of the condition (4.1) recovers
the correct derived category of de Rham representations, see Theorem 4.12.

Notation 4.5. Topological Q,-algebras B(J{R and Bgr equipped with a continuous action
of Gk give rise to commutative algebras in the category Mod(Gg;Qp), and we denote by
D(Gk; BCTR) the symmetric monoidal co-category of modules over the corresponding commu-
tative algebra object BJ; € D(Gk; Qp). We have a functor V = V ®q, Blz: D(Gk; Qp) —
D(Gk;Bir)-

For an oo-category C, we denote by
Cr == Fun((Z, <)°?,C)
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the corresponding filtered oo-category, where our convention is to use decreasing filtrations.
If C is equipped with a symmetric monoidal structure, Cg; can be endowed with the Day
convolution symmetric monoidal structure (see [Lurl7, Construction 2.2.6.7]). Explicitly,

we have Fil"(X ® V) = coli>rn Fil'X ® FilY for two objects X,Y € Cg. The assignment
1+j>n

Fil*C — Fil’C can be promoted to a lax symmetric monoidal functor Fil’: Cg — C, see
[BMS24, Corollary 3.8].

Notation 4.6. For C € C, we define C' with the trivial filtration to be the filtered object

i <
FilnC — C ifn<o0
0 ifn>0.

By a slight abuse of notation, we often denote this filtered object simply by C. This can
be promoted to a symmetric monoidal functor triv: C — Cg which is a left adjoint to Fil®
(see [BMS24, Corollary 3.6]).

For brevity, we denote by Dg)(K) := D(Vect g the filtered derived oo-category of K-vector
spaces.

Lemma 4.7. For an object D € Dgi(K) there is a natural equivalence RHompy gy (K, D) ~
FilD, where K € Dai(K) is equipped with the trivial filtration from Notation 4.6.

Proof. This follows immediately from the definition of triv: D(Vectx) — Dgi(K) as the left
adjoint to Fil®: Dg(K) — D(Vectg). O

Construction 4.8. We now formally define the symmetric monoidal functor
D+ Fil’(D ®k Bar): Pa(K) — D(Gk; BlR)
which is a derived analog of the functor appearing on the RHS of (4.1).

The Z-indexed filtration Fil"Bggr = t”B:{R on the commutative algebra object Bqr of the
abelian symmetric monoidal category Mod(Gg; Q) makes Byr into a commutative algebra
object of the filtered derived oco-category Dg(Gk; Qp) = D(Gk; Qp)si- We can then consider
the composition

D*—)D@K(; Bar
—

(4.2) Dﬁl(K) — MOdK5 Dﬁ](GK; Z) NIOd]_D,dR Dﬁl(GK; Qp)

10
T Modpypp, D(Gx; Qp) = D(Gk; Biy)

where the first functor sends an object D € Dg(K) to the corresponding object of
Mod s D1 (Gg; Z), where K° denotes K viewed as a commutative algebra object of
Ds1(Gk; Z) endowed with trivial filtration and Galois action, and with discrete topology.

The first two functors in (4.2) are symmetric monoidal, and the last functor Fil’ has a
structure of a lax symmetric monoidal functor. We reinterpret BIR—modules as filtered Bggr-
modules satisfying an additional property, to prove that the composition (4.2) is strictly
symmetric monoidal:

Lemma 4.9. Consider the full co-subcategory L of Dg (G ; Bar) consisting of filtered objects
M such that the natural map Fil°M QFi0B,p Fil"Bgr — Fil"M is an equivalence, for every

10
n € Z. Then the composition L — Dg(Gg;Bgr) LN D(Gk;BJR) is an equivalence of

symmetric monoidal co-categories.

Moreover, the functor Dg(K) Lo DOrBar, Modg,, Pai(Gk; Qp) lands inside L, and in
particular the composition (4.2) is strictly symmetric monoidal.
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Proof. The map of commutative algebras B(TR — Bgr in Mod(Gk;Qp) can be upgraded to
a filtered map, where B(J{R is equipped with a trivial filtration, and Bggr is equipped with
the standard t-adic filtration. Scalar extension along this map defines a symmetric monoidal
functor D(G; BCTR) — DriI(Gk; Bgr)- It lands inside the subcategory £, and one readily sees
that it is inverse to the functor Fil’: £ — D(Gk;BJR).

Every object M of the form D ® Bgr with D € Dg (K) is contained in £, because the
map Fil M ®B§R t”BgR — Fil"M can be presented as a map of colimits

(Z;J?}izné(FilzD @K t'Big ®p: t"Big) — lgg}gx& Fil'D @k t"/ Bl
defining the Day convolution product, and this map is an equivalence already on each term
of the colimit.

To check that the lax symmetric monoidal functor D — Fil°(D ®x Bgr): Da(K) —
D(Gk; BXR) is strictly symmetric monoidal we may compose it with the fully faithful sym-
metric monoidal embedding D(G; B;R) ~ L < Dg(Gg;Bgr). This composition is simply
the functor D — D ® g Bygr which is strictly symmetric monoidal by construction. Il

Before we discuss the description of Db(Rep‘éRp Gk), we need the following two lemmas.

Lemma 4.10. Let (V, D, «) be a triple of a finite-dimensional continuous Qp-linear represen-
tation V' € Repq, Gk, a filtered complex D € Dii(K), and an isomorphism Fil®(D® g Bgr) =~
V ®q, B:{R. Then, for any integer i € Z, the object Fil'D is concentrated in degree 0 and the
transition map Fi'*'D — Fil'D is injective.

Proof. We have that

V ®q, Cp ~ Fil’(D ®k Bar)/t ~ g1”(D @k Bar) ~ @) gr' D @k Cy(—1)
1€Z

is concentrated in degree 0, where the second isomorphism follows from Lemma 4.9. Therefore,
each gr’ D is concentrated in degree 0, and almost all of these graded quotients are zero. In
particular, Fil'D stabilize as i — oo and as i — —oo. Assume that Fil?’D = Fil**'D = ...
and put H := Fil?’D to be this stable value.

Define the object H € Dgi(K) such that Fil' H = H for any i € Z and all transition maps are
the identity maps. Then there is a natural morphism H — D and we set D’ := Cone(H — D).

Step 1. We show that each gr’ D' is a finite-dimensional vector space concentrated in degree
0 and only finitely many of gr' D' are non-zero. We note that gr’ H ~ 0 for any i € Z. Thus,
we conclude that gr' D ~ gr’ D’. Finally, the first paragraph of the proof showed that gr’ D
are finite-dimensional K-vector spaces and all but finitely many of them vanish.

Step 2. We show that each Fil'D’ is a vector space concentrated in degree 0 and the
transition maps Fil'™ D' — Fil'D’ are injective. Using Step 1, it suffices to show that
li}Ln Fil"D’ = 0. This follows from the following sequence of equalities

lim Fil" D’ ~ Cone(lim Fil"H — lim Fil"D) ~ Cone(H — H) ~ 0.

Step 3. We show that H ~ 0. First, we note that Step 2 and the fact that there are
no higher Ext groups in Vectx imply that the filtration on D’ splits non-canonically. This
implies that we have a non-canonical isomorphism

Fil’(D' @k Bar) = @ gr' D' @k tT'Bg.
i€EZ
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Furthermore, we observe that Fil’(H @y Bgr) ~ H ®x Bar and we have Fil°(D @ Bqgr) ~
V ®q, Blg- Thus, after applying the functor Fil’(— ®x Bqr) to the exact triangle H — D —
D', we get the following fiber sequence

H ok Bar =V ®q, Bl = @ er' D' @k t "Bl
1€EZ
in D(B(JIFR). Now the assumption that V' is finite-dimensional and Step 1 guarantee that
the last two terms in the above exact triangle are concentrated in degree 0 and are finitely
generated over BIR. This implies that H @i Bgg lies in Dcoh(Bj{R). However, this is possible
only when H = 0.
Finally, the conclusions of Steps 2 and 3 finish the proof of the lemma. U

Lemma 4.11. Let A be an abelian category.  Then the sequence {Exti\(X,—) =
Homp(4)(X, —[i]): A — Ab}iez., is a universal §-functor.

We emphasize that we do not assume that A has enough injective or projective objects.
This assumption would be inadequate for our applications.

Proof. First, [Sta26, Tag 06XP] ensures that {Ext’4(X,—)}icz., can indeed be promoted
to a d-functor. Then the dual version of [Buc60, Proposition 4.2] implies that it suffices
to show that, for all ¢ > 0, for any ¥ € A and u € Extf4(X, Y), there is an injection
Y < Y’ such that the image of u in Ext’(X,Y”) vanishes. Now [Sta26, Tag 06XU] identifies
Extil(X ,Y) with the Yoneda Ext group. Therefore, the class u is represented by an exact
sequence 0 - Y — Z;_1 — ... = Zyg — X — 0. One readily checks that the image of u in
Ext’y (X, Z;—1) vanishes. O

Now we are ready to prove the main result of this section.

Theorem 4.12. The derived co-category Db(Rep‘éRp Ggk) is equivalent, as a symmetric
monoidal co-category, to the fiber product of the diagram of oo-categories

Db(Repr Gk) Dpi(K)
(4.3) y \) A‘IOD B
—V®q,Bir —Fil’ (D@ x Bar)
D(Gk;Big)

Here, the left functor is the composition of the fully faithful functor from Lemma 4.3 with
the base change functor D(Gk; Q) — D(G;Blg), and the right functor was introduced in
Construction 4.8.

Remark 4.13. Our proof is specific to K being finite over Q,, as it uses Tate duality. We do
not know if this equivalence holds for an arbitrary p-adic field K with a perfect residue field.

Proof. Denote by Dg the fiber product of (4.3), which is a symmetric monoidal stable co-
category. We denote objects of Dk by triples (V, D, «) with V' € Db(RepQP Gk), D € Dg(K),
and an equivalence a: Fil®(D®yBgr) — V®q, B:er' We have a functor F': Rep“g”p Gk — Dk
sending a de Rham representation W to the triple (W, Dag (W), o), where a: Fil° (DdR(W) QK
BdR) S wW ®Q, B:{R is the natural isomorphism. Since the functor Dyg is filtered exact and
symmetric monoidal [Fon94b, Proposition 1.5.2], the functor F' takes short exact sequences of

de Rham representations to fiber sequences in D and induces a symmetric monoidal functor
Db(RepaRp Gk) — Dk.


https://stacks.math.columbia.edu/tag/06XP
https://stacks.math.columbia.edu/tag/06XU
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Equivalence on the hearts. The three categories Db(Repr Gk),D(Gk;Blr), Pa(K) ap-
pearing in (4.3) are endowed with natural ¢-structures, using that they are the derived cate-
gories of the abelian categories Repq, Gk, Mod(Gk; B:{R), Fun((Z, <)°P, Vect K), respectively.
Both functors in (4.3) are t-exact, hence these t-structures induce a ¢-structure on the cate-
gory Dg. By definition, an object (V, D, «) € Dk lies in its heart if V' and the objects Fil" D
for each n € Z are concentrated in degree zero. Lemma 4.10 implies that this is equivalent
to just requiring that V is concentrated in degree zero. Furthermore, in this case, all the
transition maps Fil'*'D — Fil'D are injective. In other words, the heart of Dy consists of
triples (V, D, «) where V is a Galois representation, D is a filtered K-vector space, and «
is a Galois-equivariant isomorphism V' ®q, B(J{R ~ Fil’(D ® Bgr). The existence of such an
isomorphism implies that V' is de Rham, and D together with « is uniquely recovered from V'
as Dqr (V). Thus, we conclude that the functor Db(Rep‘éRp Gk) — Dk induces an equivalence
of Repg; Gk with the heart of Dg.

Full faithfulness of the functor Db(RepEg; Gk) — Dg. It suffices to show that for any two

de Rham representations Vi, Vs € Rep‘éRp Gk the induced map

RHom g g, (Vi V2) = RHomp, ((Vi, Dar(V1), 1), (Vo Dar(Va). 2) )

is an equivalence. Using the symmetric monoidal structure, it suffices to treat the case Vi =
Q,, and we denote V5 by V for brevity.

By definition, RL(Dy, V) := RHomp, ((Qp, K,aq,), (V, Dar(V), av)> fits into the carte-

sian diagram

RI(Dk,V) RHomp,, (k) (K, Dar(V))

RHomp(g:q,)(Qp: V) —— RHomp g e ) (Bir:V @q, Bir):

where we have appealed to the full faithfulness from Lemma 4.3 to be able to compute the
bottom left object as RHom in D(Gk;Qp). More explicitly, the corners of this cartesian
diagram can be rewritten as

RI'(Dg,V) ———— Fil’"Dgr (V)

(4.4) l - l

chont(GK; V) —_— chont (GK7 14 ®Qp B(—IR)

where we used Lemma 4.7 for the top right corner, and [BS15, Lemma 4.3.9(1)] to identify the
bottom terms with continuous group cohomology complexes. The right vertical map identifies
Fil®Dgr(V) with HO (Gk,V ®q, Blr), by definition of the filtration on Dgqgr(V'). Hence,

cont

the cohomology groups H (D, V) :== HY(RT'(Dg, V)) fit into a long exact sequence
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0 — HY(Dg,V) — HY (Gk, V) » 0
(45) Hl(DK, V) — H(l:ont(GKv V) — Hiont(GK? V ®Qp BIR)

H%(Dg,V) — H?

cont

(GKa V) — Hgont(GK7 14 ®Qp BZIFR) — ...

Cohomology of G with coefficients in V ® BIR vanishes in degrees > 2 by [Fon03, Propo-
sition 3.3(iii)], and cohomology with coefficients in V' vanishes in degrees > 3. Hence, the last
displayed term, as well as all hidden terms in the sequence (4.5) are zero.

Since the map RHomRepg{ ¢ (Qp, V) — RI(Dk,V) induces an isomorphism on HO,

P
[Buc60, Proposition 4.2] implies that it suffices to check that for any V € Repg{p G and
u € H(Dg, V), there is an injection V < V' in Rep‘éRp Gk such that the image of u vanishes
in Hi(Dg, V).
For i = 1, this amounts to the fact that

HI(DKv V) = ker (Hiont(GKv V) - Hiont(Gfﬂ V®QpB;"{R)) = ker (Hcl:ont(GK’ V) - H}:ont(GKv V®QdeR))

classifies extensions 0 — V' — W — Q, — 0 in which W is de Rham. The class [W] €
H.,..(Gk,V) then dies after the injection V < W.

For i = 2, the observations that diagram (4.4) is cartesian and that Fil®Dgg(V) is con-
centrated in degree 0 imply that H?(Dg, V) ~ Hl (Gk,V ®q, (BIz/Qp)). This functor is
described as (DcriS(Vv(l))“’:l)v in Lemma 4.15 below. We will prove that already the func-
tor V= Deis(VV(1))Y is effaceable on Rep%Rp G . Dualizing, this is equivalent to showing
that for any de Rham representation V there exists a surjection of de Rham representations
W — V such that the map Deyis(W) — Deyis(V) is zero. We denote by Ky C K the maximal
subfield unramified over Q.

Lemma 4.14. If Vi, Vs are two Qp-representations of G such that Vo is semi-stable, then
the natural map D (V1) ®r, Dst(Va) = Dst(Vi ®q, Vo) is an isomorphism.

Proof. By definition of Dg;, we have D (V1 ®q, V2) = (V1 ®q, V2 ®q, Bt )%, where the
action of Gk is the diagonal one on all 3 tensor factors. Using that V5 is semi-stable, we
identify V2 ®q, Bst with D¢ (V2) ® K, Bst where the Galois action is on the second factor only.
Hence we have

(Vi ®q, Vo ®q, Bst) ¥ =~ (Vi ®q, Dst(V2) ®k, Bst)
~ (Vi ®q, Bst)“* @k, Dst(V2) =~ Dst(V1) @k, Dst(Va)

In particular, the source and target of the natural map Dst (V1) ®, Dst(V2) — Dst (V1 ®q, V2)
have equal dimensions. But this map is injective for any pair of representations Vi, Vs (
[Fon94b, 1.5]), hence it is an isomorphism in our case. O

Let T be the 2-dimensional representation fitting into a short exact sequence

0-Qy1)=T—-Q,—0
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whose class in HY (Gk, Q,(1)) is equal to the image of p € K* under the Kummer map. The

representation 7' is semi-stable with non-zero monodromy operator N on Dg (7). Let r be

an integer such that the r-th power Ny, of the monodromy operator Ny on Dy (V') vanishes.

We claim that the surjection W := Sym" T ®qQ, V — V induces the zero map on Deis.
Lemma 4.14 implies that we have a sequence of isomorphisms

D (W) = Dg(Sym" T ®q, V) ~ Dy (Sym" T) ®, Dt (V) =~ Ko[z] /2" @5, Det(V),

where the monodromy operator on Dg (W) ~ Kylx]/2" @, Dst(V) is given by Ny =

r®1+1® Ny and the map Dg (W) ~ Ko[z]/2™ @k, Dst(V) — Dst(V) is equal to the

evaluation at x = 0. The space Des(W) is, by definition, the kernel of Ny on Dy (W)
T

which can be identified with the space of elements of the form Y ' ® v; for v; € Dg (V)
i=0

such that v; = =Ny (vi41) for all i = 0,...,r — 1 and Ny (vg) = 0. In particular, the vector

v = (—=1)"Ny;(v,) vanishes by our assumption on the order of nilpotence of Ny.. That is, the

map Dy (W)NW=0 — D (V)¥v=0 is zero, as desired.

This finishes the proof of effaceability of H?(Dg, V) and concludes the proof of full faith-
fulness. Together with the equivalence on the hearts, this proves the theorem, because every
object of Dk is a successive extension of shifts of objects from the heart. O

Lemma 4.15. For any finite-dimensional representation V € Repq, G there is a natural
isomorphism

Hlow (Grcs V @q, (Bfi/Qp) = (Deris (VY (1)) 7).

Proof. This is a special case of Tate duality for Galois cohomology with coefficients in Banach—
Colmez spaces, proved in [Fon03, Théoreme 6.1].

First, [Fon03, Théoréme 2.14(iii)] ensures that Hl,(Gx,V ®q, t"Bjg) = 0 for any suf-
ficiently large n (it suffices to take n to be larger than all integral generalized Hodge—Tate
weights of V). The natural map H}_, (GK, VRq, (BCTR/QP)) — Hl (GK, V®aq, (BIRW/QP))
is then an isomorphism, where BIR’H denotes B(J{R Jt".

Then [Fon03, Proposition 6.8(ii)] implies that we have a perfect pairing of finite-dimensional
Q,-vector spaces

Hiont (GK? Vv ®Qp (B;ii_R,n/Qp)) ®Qp EXté’(GK) (B;l’—R,n/Qp’ Vv(l)) — Hzont (GK7 Qp(l)) = QP

where Ext! is taken in Fontaine’s category of almost C,-representations of G (see [Fon20, §1,
1.2]). Therefore, the result follows from Lemma 4.16 applied to W = V"V (1) and a sufficiently
large n. O

Lemma 4.16. Let W € Repq, Gr. Then there is an integer ng such that, for every n > ng,
there is an isomorphism Exté(GK)(BIRn/Qp, W) = Deyig(W)$=1.

The proof below involves formulas containing both Tate twists by Q,(1) and twists by the
line bundle O(1) on the Fargues-Fontaine curve. In order to avoid any confusion, we write
(n)r for Tate twists and (n)pp for twists by O(n).

Proof. To calculate this Ext' group, we use the equivalence
(4.6) D*(C(Gk)) ~ D°(Coh®X (FF,))

of the derived category of C(Gk) with the derived category of (continuously) Galois-
equivariant coherent sheaves on the Fargues—Fontaine curve provided by [Fon20, Theorem
6.4]. Recall that for any integer n we have a G-equivariant line bundle O(n)pp on FFc,
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associated to the ¢-module (Ko, “".pK,) over Ky. We have Galois equivariant isomorphisms
H(FFc,,O(n)pr) ~ BLZ=" and H'(FFc,, O(—n)rr) =~ (B drn/Qp)(—n)7 for n > 0.

As explained in the proof of [Fon20, Proposition 6.8] (see also [Li24, Theorem 4.23]), the
equivalence (4.6) carries the object O(—n)pp € Coh®x (FF¢,) to HY(FFg,,O(—n)pr)[—1]

for all n > 0, hence we obtain an isomorphism
Exté(GK)(Bj{R’n/Qp, W) ~ EXté(GK)(B:fR,n/Qp(—”)Ta W(-n)r)
= EXtDb(CthK(FFC ))(0(_n)FF[1]> W(_n)T ®Q, O)

The final Ext! is simply the space Homppg, (O(=n)pp, W(—n)r ®q, 0)G% of Galois-
equivariant homomorphisms of vector bundles on FF¢,, which equals to the space of Galois
invariant global sections

H(FFG,, W(-n)r ®q, O(n)rr)? ~ (BLE™" ®q, W(-n)r)°x.

Cris

Since (W ®q, B 1Gx s finite-dimensional and Beis = Bt [1/t], one sees that the map

Cris

(W ®q, gHe=r" (_n)T)GK Mdetr", (W ®q, B msl)GK is an isomorphism for large enough n.

Cris
Combining the results, we conclude that

G 1 =
EXté(GK ( dR, n/Qp’ ) (W ®Qp B(‘;I;P v ( n)T) = (W ®Qp Bfms ) = DcriS(W)so

for sufficiently large n. O

4.3. p-adic étale cohomology as an object of Db(Rede Gg). In this subsection we

apply the description of Db(Rep G k) provided by Theorem 4.12 to upgrade p-adic étale
cohomology RI'¢(Xc,, Qp) of any smooth proper rigid-analytic space over K to an object of
this category.

Proposition 4.17. Let X be any smooth proper rigid-analytic space over K. Then its p-adic
étale cohomology algebra R« (Xc,, Qp) € D(Gk; Qp) naturally lifts to an E-algebra in the

category Db(Rep‘éRp Gg).

Remark 4.18. We expect that Proposition 4.17 can also be deduced from the results of
[DN18]. When X arises as the analytification of an algebraic variety this result follows from
[DN18, Lemma 2.22], which produces the requisite object of Db(Rep‘(iQRp Gk) by applying the
functor Vpe to an object of the derived category of admissible filtered (p, N, Gk )-modules
constructed out of Hyodo—Kato cohomology. For a general X, the same strategy should give
a proof, using the construction of Hyodo—Kato cohomology provided in [CN20, Theorem 1.1].

First, we recall how the complex of Q,-vector spaces RI'«(Xc,,Qp) is endowed with a
structure of an object of D(Gk;Qp). Denote by f: Xqprost — (Spa K )gprost the structure
map of quasi-proétale sites, as defined in [Sch17, Definition 14.1]. We have an object Rf,Q, €
D((Spa K)qprost; Qp) whose value on Spa C' is the étale cohomology complex RI'¢(Xc,, Qp),
by the comparison between quasi-proétale and étale cohomology for quasi-compact rigid-
analytic spaces. Moreover, the complex R f,Q,, has a natural structure of an E-algebra in the
symmetric monoidal category D((Spa K )qpro¢t; Qp) obtained by applying the lax symmetric
monoidal functor Rf. to the commutative algebra Q, € D(Xqprost, Qp)-

To obtain an object of D(Gk; Q) from Rf,Q,, we identify the quasi-proétale topos of
Spa K with the topos of G g—profinite sets BGk pro¢t (see [BS15, Definition 4.3.1]). As before,
we denote its underlying category by G g—pfsets ~ Pro(Gx—fsets).
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Construction 4.19. There is a natural functor G g—pfsets — (Spa K )qprost which sends a
profinite set S with a continuous action of Gk to the quasi-proétale morphism (SpaC, x
S)/Gr — Spa K, where the action of Gg on SpaC, x S is diagonal. This functor sends
covers to covers and commutes with pullbacks, so [Sta26, Tag 00X6] ensures that this defines
a morphism of sites

T (Spa K)qproét — BGK,proét-

Lemma 4.20. The morphism of sites w: (Spa K )qpro¢t — BGK pro¢t induces an equivalence
of topoi m,: Shv((Spa K)gproét; Set) — Shv (BGKyproét; Set).

Proof. We note (Spa K )gs; =~ (Spa K )¢, qesep- Therefore, [Sch17, Proposition 11.23 and 11.24]
imply that the natural functor

Pro((Spa K)fét) = Pro((Spa K)ét,qc,sep) — (Spa K)qproét

is fully faithful and defines a basis for the quasi-proétale topology on Spa K. Therefore it
induces an equivalence of topoi Shv(Pro(Spa K)gst; Set) — Shv(Spa K ) gprost; Set).

By Galois theory, the category (Spa K)se is equivalent to the category G x—fsets, hence
the site Pro((Spa K)ts) is equivalent to Pro(Gg—fsets) ~ BG g prost- Hence we obtain an
equivalence of topoi ShV(BG K, proét; Set) ~ Shv((Spa K) qproct; Set) which is readily seen to
be induced by the morphism . O

Applying the equivalence of topoi from Lemma 4.20, the FEy-algebra Rf.Q, ¢
D((Spa K )qprost; Qp) is carried to an FEy-algebra in D(Gk;Qp) that we denote by
RI¢(Xc,,Qp) as well. We now turn to proving that this object can be presented by a
complex of de Rham representations:

Proof of Proposition 4.17. First, the structure of a condensed G g-module on each cohomol-
ogy group Hét(ch, Q) arises from a continuous finite-dimensional Q,-representation (see
[Bos24, Proposition 4.9]), hence RI'¢;(Xc,, Qp) lies in the full subcategory Db(Repr Gk) C
D(Gk;Qp) by Lemma 4.3.

By Theorem 4.12, we need to lift R['¢,(Xc,, Qp) € Db(RepQP Gk) to an E-algebra object
of the fiber product

Db(RepQP Gg) Dpi(K)
VHV®QPBCTR\ Afﬂo(m@ xBdr)
D(GK§ B:;R)

We will take the corresponding object D € Dg(K) to be the de Rham cohomology
RT'4r(X/K) equipped with its Hodge filtration. It is made into a commutative algebra object
of Dgi(K) by applying the lax symmetric monoidal functor RI'(X, —) to the filtered com-

mutative differential graded algebra Ox 4 Qﬁf K 9 ... in sheaves of K-vector spaces on
X.

To lift the pair RI'¢(Xc,, Qp), R['qr(X/K) to an object of the above fiber product, it
remains to construct an equivalence of commutative algebra objects

RFét (XCp’ Qp) ®Qp lerR = FIIO(RFdR(X/K) ®K BdR)

in D(Gg; B:{R). It is obtained by passing to Fil’ in the de Rham comparison isomorphism for
rigid-analytic spaces [Sch13a, Theorem 8.4] providing an equivalence of filtered commutative


https://stacks.math.columbia.edu/tag/00X6
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algebra objects in D(Gx;Bgr):
(4.7) RT¢(Xc,, Qp) ®q, Bar ~ RI'4r(X/K) @k Bar.
In loc. cit. this equivalence is stated on the level of individual cohomology groups, but it is
constructed by proving that the natural maps

RI'«(Xc,, Qp) ®q, Bar — RI'prost (X, Bar)

v
Rrproét (Xpr BdR) - Rrproét (XCP7 OBgr — .. )
v
RFdR(X/K) (4076 BdR — RFproét(X, OBdR — .. )

of filtered commutative algebras are equivalences, which induces the equivalence (4.7). U

5. FORMALITY FROM THE WEIGHT-MONODROMY CONJECTURE

5.1. Formulation of the main theorem. Let K be a finite extension of Q,, and let £ be a
prime number (possibly equal to p). In this subsection we formulate our main theorem, which
will be proven in Subsection 5.4.

Theorem 5.1. Let X be a smooth proper rigid-analytic space over K. Assume that the
weight-monodromy conjecture holds for Hy (Xc,,Qe) for all i > 0. Then the E-algebra
RI¢(Xc,, Qe) is formal.

Definition 5.5 explains what it means for “the weight-monodromy conjecture to hold for
Hét(ch, Q¢)” and Theorem 5.1 is proven in Subsection 5.4. Together with the following
lemma relating formality of Q,-étale cohomology with that of de Rham cohomology, Theo-
rem 5.1 gives the main Theorem 1.2 from the introduction.

Lemma 5.2. Let X be a smooth proper rigid-analytic space over K. Then the E-algebra
RI'¢(Xc,,Qp) is formal if and only if the de Rham cohomology Eu-algebra RTqr(X/K) is
formal.

Proof. As discussed in the proof of Proposition 4.17, we have an equivalence of E..-algebras
over the field Bgr

(5.1) RT¢(Xc,, Qp) ®q, Bar ~ RI'4r(X/K) ®k Bar.
Formality of an E.-algebra can be checked after an arbitrary extension of characteristic zero
fields [HS79, Corollary 6.9], hence the identification (5.1) proves the lemma. O

5.2. Weil-Deligne representations. In this subsection, we fix a finite extension Q, C K
with Galois group G := Aut(K/K), a prime number /, and a field E of characteristic 0 that
will serve as the field of coefficients. One should feel free to assume that £ = Qy when ¢ # p
and that E' = Qp" when £ = p. We denote by Wy the Weil group of K and by ¢ the size
of the residue field k¥ = F, of K. The main goal of this subsection is to recall the notion of
Weil-Deligne representations and prove its basic properties.

An E-linear Weil-Deligne representation is a finite-dimensional FE-vector space equipped
with an action of the Weil group Wy, on which the inertia acts through a finite quotient,
and an E-linear map N: V — V(—1) of Wi-representations. We denote by Repy W Dy the
category of E-linear Weil-Deligne representations.

The category Repy W D has a natural symmetric monoidal structure, where V; ®g V3 is
defined to be the usual tensor product of Wi -representations and the monodromy operator
Ny, @y, is defined as Ny, ® idy, +idy; ® Ny,. This makes Repy W Dk into a symmetric
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monoidal abelian category. We denote by D(Repyp W D) the associated symmetric monoidal
derived oo-category (see [NS18, Proposition A.5]).

We now discuss some examples of Weil-Deligne representations attached to (some) Galois
representations.

Examples 5.3. (1) Let £ # p. Then there is a fully faithful exact symmetric monoidal
functor

D: Repq, Gk — Repg, WDk.

We refer the reader to [Fon94a, §2.2] and [BL23, Example 2.3] for the construction
of this functor. Choosing a compatible system of ¢-power roots of unity in K and a
Frobenius element, we may identify the underlying vector space of D(V) with V for
every V € Repq, Gk, compatibly with tensor product. The exactness of this functor
and [NS18, Proposition A.5] allow us to derive it to a t-exact symmetric monoidal
functor D: D(Repq, Gk) — D(Repq, W Dk).

(2) Let £ = p. Then there is an exact symmetric monoidal functor

D: Rep(éRp Gg — Repqgr WDk,

sending a de Rham representation V' to the Weil-Deligne representation constructed
out of the (¢, N,Gk)-module Dy (V). Here, we use that every de Rham repre-
sentation is potentially semi-stable [Ber02, Théoreme 0.7], so that D is faithful and
monoidal. We refer to [Fon94b, §4.2] and [BL23, Example 2.4] for the details of the

definition of this functor. For any V € Rep‘éRp Gk there is a natural isomorphism
|4 ®Qp B5t76p ~ D(V) ®Qnr BSEQP

of Bstﬁp ‘= By Qqur Qp—modules compatible with tensor products. Similarly to the
(-adic situation, we can derive to a functor D: D(Rep‘ész Gk) — D(RepQgr W Dk).

Our next goal is to define what it means for cohomology of smooth rigid-analytic spaces to
satisfy the weight-monodromy conjecture. For this, we need the following definition.

Definition 5.4. An E-linear Weil-Deligne representation V' is monodromy-pure of weight ¢ if,
for any integer j, a (fixed) Frobenius lift ¢ € Wi acts on gr;\/[ V of the monodromy filtration
with eigenvalues that are ¢-Weil numbers of weight i + j.

We refer to [Del80, Proposition 1.6.1] for the definition of the monodromy filtration. The
definition of monodromy-pure representation is independent of the choice of a Frobenius lift
because, for any two Frobenius lifts ¢, ¢’ € Wi, there is an integer n > 1 such that the actions
of " and ¢ on V (and, therefore, on each ngM V) coincide. Furthermore, [Del80, Proposition
1.6.9(i)] implies that a tensor product of monodromy-pure Weil-Deligne representations of
weights ¢ and j is monodromy-pure of weight i + 7.

Definition 5.5. Let X be a smooth proper rigid-analytic space over K. We say that the
weight-monodromy conjecture holds for Hg (Xc,, Q) if the associated Weil-Deligne represen-
tation D(Hgt(ch7 Qg)) is monodromy-pure of weight i.

Remark 5.6. According to the ¢-independence conjecture [Sch13b, Conjecture 3.9], if the
weight-monodromy conjecture for a given X and ¢ holds for one prime ¢ then it should hold
for every other prime as well.



FORMALITY FOR RIGID-ANALYTIC SPACES SATISFYING THE WEIGHT-MONODROMY CONJECTURH9

Now we consider the functor RI'(WDk,—) = RHomwp, (E,—): D(Repp WDg) —
D(Vectg). We also set H' (W Dy, M) := H'(R['(WDg, M)) for any M € Repy WDg. Our
last main goal of this subsection is to present a complex computing RI'(W Dk, M) for any
M € Repgp WDg.

The following lemma will be used to identify the Ext functors in the category Repy W Dg
and its mixed version:

Lemma 5.7. Let V,U € Repp WDk and let S=FE -e1 @ E - ez be a two-dimensional Weil-
Deligne representation such that Ng = 0, the inertia Ik acts trivially on S, and any Frobenius
lift ¢ acts via the unique E-linear transformation such that ¢(e1) = e1 and p(e2) = e1 + es.
Let V — V ®g Sym" S be a homomorphism of Weil-Deligne representations defined via the
formula v — v ® €. Then the induced morphism

Homwp, (V ®p Sym” S, U) — Hompw p, (V, U)
is zero for any r > dimgV - dimg U.
Proof. Completely analogous to the proof of Lemma 4.2. O

Now we show that RHom in the derived category of finite-dimensional representations of
W Dg is computed by a Koszul-type complex:

Lemma 5.8. Let V € Repyp WDk and let ¢ € Wi be a lift of Frobenius. Then the complex

—i N,id — _
(V) o= [yl TN, yaic gy gyt SAVED), g gyieg

is quasi-isomorphic to RT(W Dk, V).

Note that, after identifying V& ~ V(—1)% by trivializing E(—1), the Frobenius operator
Py (—1) becomes equal to q - py.

Proof. First, we note that the functor of inertia invariants (—)'% is exact on Repy WDx
since the action of Ik factors through a finite quotient and char £ = 0. This implies that,
for any short exact sequence 0 — V' — V — V" — 0, the associated sequence of complexes
0— C*(V') = C*(V) — C*(V") — 0 is exact. Thus, the sequence {V — H'(C*(V))}icz.,
is naturally a d-functor. Lemma 4.11 implies that it suffices to show that there is a functorial
isomorphism Homw p, (E,V) ~ H%(C*(V)) for any V and that {V — H*(C*(V))}icz., is a
universal §-functor.

The first claim is clear since HY(C*(V)) ~ V¥N=0Wk ~ Homy p, (E, V) naturally in V.
Therefore, it suffices to show that {V — H'(C*(V))}icz., is a universal é-functor. Now
[Buc60, Proposition 4.2] implies that it suffices to show that, for any V € Repy W Df and a
class u € H'(C*(V)) for i = 1 or 2, there is an injection V < V” such that the image of u in
H'(C*(V")) is zero.

For i = 1, we suppose that u is represented by an element (z,y) € V& @ VIk(—1).
Then we take V' := V @& E - e and endow it with the unique structure of a Weil-Deligne
representation such that V' C V' is a sub-representation, and e is invariant under all of
I and we have Ny/(e) = y,py/(e) = x @ e. This Weil-Deligne representation is well-
defined by the assumption that (x,%) is a cocycle in C1(V). One readily checks that the map
HY(C*(V)) — HY(C*(V")) induced by natural morphism V < V’ kills the class of u.

For i = 2, we note that there is an evident isomorphism of complexes C*(V)Y[-2] ~
C*(VV(1)). By passing to cohomology, we conclude that H? (C"(V))v ~ HY(C*(VV(1)))
Hompyp, (E,VV(1)) ~ Homwp, (V,E(1)). Therefore, it suffices to show that, for any
V € Repyp WDk, we can find an injection V' < V' such that the natural morphism

12
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Homw p, (V/,E(1)) — Homwp, (V,E(1)) is zero. This is achieved by taking V' =~
V ®p Sym¥™EV S from Lemma 5.7. a

Corollary 5.9. Let V € Repg WDg. Then RI'(WDg, V') is concentrated in cohomological
degrees [0, 2] and each of its cohomology groups is finite-dimensional over E. Also, there is a
natural equivalence RU'(W Dk, V)V ~ R[(W Dk, VV(1)[2]).

Proof. The first claim follows directly from the isomorphism RI'(W Dg, V) ~ C*(V) from
Lemma 5.8. The second claim follows immediately from the isomorphism of complexes
C*(V)V ~C*(VV(1))[2] O

5.3. Mixed Weil-Deligne representations. In this subsection, we fix a finite extension
Q, C K with Galois group G, a prime number ¢, and a field E of characteristic 0. The main
goal of this subsection is to recall the notion of mixed and monodromy-pure mixed Weil—
Deligne representations and prove that two versions of the derived oo-categories of mixed
Weil-Deligne representations coincide.

Definition 5.10. A mized Weil-Deligne representation is a pair (V,W,V) of an object
V € Repp WDk and a complete exhaustive increasing Z-indexed filtration W;V C V in
Repy WDk such that each gr!V' V := W;V/W,_1V is monodromy-pure of weight i.

The weights of a mixed Weil-Deligne representation (V,W,V) are the integers ¢ € Z
such that gr}/VV # 0. We denote the category of mired Weil-Deligne representations by
RepB* W D

Since the tensor product of monodromy-pure Weil-Deligne representations of weights ¢ and
J is monodromy-pure of weight ¢ + j, one readily sees that the tensor product of two mixed
Weil-Deligne representations has a natural structure of a mixed Weil-Deligne representation.
So Rep™™ W D is a symmetric monoidal category. Remarkably, the category Repn™ W Dy
happens to be abelian [Vol03, Proposition 20] (see also [BL23, Theorem 2.10]) because any
morphism of mixed representations is strictly compatible with weight filtrations. Moreover,
the forgetful functor Rep%iX WDk — Repg WDk is symmetric monoidal and exact.

In particular, the tensor product on Rep® W Dy is exact in each variable. Thus, [NS18,
Proposition A.5] ensures that D(Rep’t’%ix W D) is a symmetric monoidal co-category and the
forgetful functor D(Rep'R™ W D) — D(Repy W D) is symmetric monoidal and ¢-exact.

Since the functor of inner Hom is exact on both Rep]j%1iX WDk and Repy WDg, we can
extend them to t-exact functors

Hom(—, —): D(RepB™* WDk )P x D(RepB* W Dg) — D(Rep™ W D),
Hom(—, —): D(Repy WDg) x D(Repp WDg) — D(Repy W Dx),

which are compatible with respect to the forgetful functors.

Definition 5.11. A mixed Weil Deligne representation (V,W,V) € RepR*W Dy is
monodromy-pure of weight 1 if W;_1V =0 and W;V = V.

This definition clearly implies that the underlying Weil-Deligne representation is
monodromy-pure of weight i. However, the property introduced in this definition is stronger.
For instance, one can take V' to be a non-trivial extension 0 — Qu(1) - V — Qg — 0
equipped with the filtration W_3V =0, W_oV = W_1V = Qu(1), and WyV = V. Then V is
monodromy-pure of weight —1, but (V,W,V) € RepgiéX W D is not monodromy-pure of any
weight.
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Definition 5.12. We define Dpure(RepEix WD) C D(RepE*WDg) to be the full oo-
subcategory consisting of objects M such that H'(M) is a monodromy-pure mixed Weil-
Deligne representation of weight i for any i € Z (see Definition 5.11).

Likewise, we define Dpue(Repy WDEK) C D(Repr WDk ) to be the full oo-subcategory
consisting of objects M such that H*(M) is a monodromy-pure Weil-Deligne representation
of weight i for any ¢ € Z (see Definition 5.4).

Since the tensor products on D(Rep™* W Dg) and D(Repg W Dy) are t-exact in each
variable and the tensor product of (mixed) monodromy-pure Weil-Deligne representations
is (mixed) monodromy-pure of the correct weight, we conclude that mefe(Rep%lix WDk)
and Dpure(Repg WD) are symmetric monoidal oo-subcategories of D(Repn™ W D) and
D(Repg WD), respectively.

Therefore, the symmetric monoidal forgetful functor derives to a symmetric monoidal func-
tor F': Dpure (Rep%iX WDgk) = Dpwe(Repp WDg). We wish to show that this functor is an
equivalence on bounded objects.

Theorem 5.13. The forgetful functor F': Dgure(Reprﬁix WDg) — Dgure(RepE WDg) is a
symmetric monoidal equivalence.

We start with the following lemma.

Lemma 5.14. Let (V' W,V') € Rep‘fEﬁX WDk be a mized Weil-Deligne representation of
non-positive weights and let 0 — V' — V — V" — 0 be an extension in Repyp WDk such
that V" is monodromy-pure of weight 0. Set W,V = W;V' if i < 0 and W;V =V ifi > 0.
Then (V,WeV') is a mized Weil-Deligne representation of non-positive weights.

Proof. The only property we need to check is that grgv V' is monodromy-pure of weight 0.
By construction, it fits into the short exact sequence 0 — gry/ V! — grlV' V. — V" — 0,
where both grgv V'’ and V" are monodromy-pure of weight 0. This follows from (the proof
of) [BL23, Proposition 2.11]. O

Now we begin the proof of the fact that the two versions of Dpye are equivalent. As the
first step, we need a formula for the Ext groups in D(Repy™ WDg). For this, we recall
that [BL23, Theorem 2.10] ensures that the functor Wy: Repp™ WDk — Repp WDk is
exact, therefore, it extends to a t-exact functor

Wo: D(Rep* WDg) — D(Repy W Dk).

We show that Ext’s in the derived category D°(Rep™™ W D) coincide with Exts in the
filtered derived category of Weil-Deligne representations:

Lemma 5.15. Let Vi,Va € D°(RepR*WDg). Then there is a natural isomorphism
RHomWD?x(Vl, Vo) ~ RF(WDK, WoHom(V7, Vg)).

Proof. First, we note that RHomWD?x(Vl, Vo) o~ RHomyy pmix (E,Hom(V4,V5)). Since
WoE = E, the functor Wy: D(Repp™ W Dg) — D(Repgp W Dk ) induces a natural morphism
RHomyy, pmix (E,Hom(V1, V2)) — RHomw p, (E, WoHom(V4, V2))
which can be rewritten as a morphism RHomy,, D%ix(Vl, Vo) — RF(WDK, WoHom(V7, Vg)).

Therefore, we reduce the question to showing that the natural morphism

(5.2) RHomWD?ix(E, V) = RHomw p, (E, WyV)
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is an isomorphism for any V' € DP(Reps* W D). Since Wy is t-exact, we reduce the question
to showing that (5.2) is an isomorphism for V' € Repp™ W Dg. In this case, Lemma 4.11 re-
duces the question to showing that the natural map Homy,, Dﬁix(E ,V) = Homw p, (E,W,V)

is an isomorphism for any V € RepB™WDj and that {Extiyp, (E,Wo(-)) }i€Z>0 =
{H'(WDg, Wy(-)) }Z.EZ20

The claim that the map Homyy pumix (E,V) — Homwp, (E,WyV) is an isomorphism is clear.
So we only need to show the latter claim. For this, we first note that {HZ (VVDK7 Wg(—)) }

is a universal J-functor on Rep™ W D

1€Z>0
is indeed a d-functor since Wy: Rep%1iX WDk — Repg WDk is an exact functor.

Now [Buc60, Proposition 4.2] ensures that it suffices to show that, for any V €
RepgiX WDk, i € Zsg, and u € Hi(T/VDK7 WOV), there is an injection V < V' in
Rep%liX W D such that the image of v in Hi(WDK, WoV! ) vanishes. Furthermore, by Corol-
lary 5.9 we only need to treat the cases of ¢ =1 and i = 2.

Case of i = 1. Fix a class u € H'(WDg, WyV) = Ext‘lA/DK (E,WoV). By [Sta26, Tag
06XU], it is represented by an extension 0 — WyV — U — E — 0 in Repy WDk.
Lemma 5.14 ensures that U can be naturally promoted to an object (U, W U) € Rep}f;lix W Dg
such that WyU = U and such that 0 — WyV — U — E — 0 is exact in RepgiX W Dg. The
image of u in HY(WDg,U) = Extll/VDK (E,U) is 0, because the extension U becomes split
upon being pushed out to U itself.

Now we define V/ € Rep™™ W D¢ as the pushout V @,y U = coker(WoV — V @ U) in
Rep®* W Dy . The natural map V — V' is injective since so is Wo(V) — U. Furthermore,
the exactness of Wy implies that WoV’ ~ U. Therefore, the image of u in H' (W Dy, WoV') =
HY(WDg,U) is zero as shown in the previous paragraph. This finishes the proof when i = 1.

Case of i = 2. We need to show that, for any V € Repr]gliX W D, there is an injection
V < V' in Rep* W Dy such that H? (WDK, WOV) — H? (WDK, WOV') is zero. By Tate’s
duality for Weil-Deligne cohomology (see Corollary 5.9), this is equivalent to asking that

Homw p, (E, (WoV')¥(1)) ~ Hompw p, (WoV', E(1))
— Homw p, (WoV, E(1)) ~ Homw p,. (E, (WoV)"(1))

is zero. Let S be the two-dimensional E-linear Weil-Deligne representation from Lemma 5.7.
Note that it is monodromy-pure of weight 0, so (S, W,S) lies in Rep* W Dy with the fil-
tration defined by W;S = 0 if i < 0 and W;S = S if ¢ > 0. For any r > 0, the object
WoV ®g Sym” S € Rep%lix W Dg has only non-positive weights. Now set d := dimg WV and
U =WV ®g Sym?S. It comes with the natural inclusion of Weil-Deligne representations
WoV < U and Lemma 5.7 implies that the natural morphism

HOHlWDK (U, E(l)) — HOHlWDK (W()V, E(l))

is zero.

As in the case i = 1, we define V' € Rep%1iX WDk as the pushout V ®w,y U =
coker(Wo(V) — V @ U) in RepB* W Dg. The natural map V — V' is injective and passing
to Wy it induces the map WyV — U. Hence it induces the zero map on H?(W Dy, —), as we
just established. This finishes the proof. O

Before demonstrating the equivalence of the two versions of pure complexes, we only need
one additional preliminary lemma.
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Lemma 5.16. Let Vi, Vo € D?

pure

centrated in cohomological degrees > n and Vo € Dgﬂe(ReprEiX WDg) is concentrated in

degrees < n. Then the natural morphism WoHom(V;, Vo) — Hom(V1, Vi) is an isomorphism.

(RepB* W D) such that Vi € D2, (RepR™* W D) is con-

pure

Proof. First, we have Hom(V7, Vo) ~ Vlv ®p Vo. Furthermore, the dual object Vlv belongs
to Dgu;g(Repglx W Dk), hence the tensor product V¥ @p V lies in Dgl?re(Reprglx WDkg).
Thus, it suffices to show that the natural morphism WoV — V is an isomorphism for any
V € D50 (Rep®™ W D). This can be checked on individual cohomology groups, where the

pure
claim is clear. O

Recall that, for an oo-category C, we denote by Map,(X,Y’) the mapping anima between
objects X and Y. If C = D(A) for an abelian category A, this mapping anima can be identified
with 7=RHom4 (X, Y).

Proof of Theorem 5.13. The forgetful functor is symmetric monoidal, so we only need to show
that it is an equivalence of underlying oco-categories.

First, we show that F' is fully faithful. For this, we need to show that the natural
morphism Mapp g pmix wg)(V1:V2) = Mapprep, wpg) (V1 V2) is an equivalence for any

Vi, Vo € DY .. (RepB* W D). In other words, we wish to show that the natural morphism

pure

7<9RHomy,, pix (V1, Vo) — 7SRHomyy p,. (V1, V2)

is an isomorphism for any Vi,Vs € Db, (RepBE™* WDk). Since RHomyy pmix (V1, V2) =
RHomy;, D!}r{lix(E, V)Y @ V) and the same formula holds in D(Repy WD), we can assume
that Vi = E. In this case, we denote V5 simply by V.

In this situation, we consider the following commutative diagram

RHOmWD%ix (E, TSOV) —_— RHOHIWD?X (E‘7 V) —_— RHOHIWD?(\ix (E, 7—>0V)

J» s Iy

RHompy p,. (E,7=°V) —— RHomw p, (E,V) —— RHomy p, (E,77°V),

where the rows are fiber sequences. We wish to show that 7<03 is an isomorphism. Since
both RHomWD?ix(E, 720V and RHomyy p, (E,77°V) lie in D=1(Z), it suffices to show that
« is an isomorphism. This follows directly from Lemma 5.15 and Lemma 5.16.

Now we show that F' is essentially surjective. First, we note that, by the very definition,
every object of the form V[—d] for a monodromy-pure V' of weight d lies in the essential image
of F'. Now we pick V' € Dp[)au’f.]e(Rep g WDk ) and wish to show that it lies in the essential image.
We argue by induction on b —a > 0. If b — a = 0, this was proved above. So we assume
that n = b —a > 0 and the claim is known for any b — a < n. Consider the exact triangle
H*(V)[—-a] — V — 77V. By induction, H*(V)[—a] and 77V lie in the essential image
of F. Say H*(V)[—a] ~ F(Uy) and 7%V ~ F(Us). Since F is t-exact, we conclude that
U, € DI[)%?A(Rep%iX WDg) and Us € Dr[,aut(} ) (Rep%liX W Dk). Now it suffices to show that the

natural map

EXtIl/VD?X (U2, U1) = Extiy p, (F(U2), F(Uh))

is an isomorphism. This follows immediately from Lemma 5.15 and Lemma 5.16. 0
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5.4. Consequences for formality. The main goal of this subsection is to prove Theorem 5.1.
The proof is a formal consequence of Theorem 5.13 combined with the decomposition result
given in Lemma 5.17.

Lemma 5.17. There is an equivalence of symmelric monoidal functors between the forget-
ful functor Dpye(Repg™WDg) — D(Vectg) and its composition with the functor M +—
@ HY(M)[—i]: D(Vectg) — D(Vectg).

i€Z

Proof. This lemma follows formally from the fact that the weight filtration on any mixed
Weil-Deligne representation is naturally split, on the level of underlying vector spaces, as we
now explain.

We denote by obl: Rep%iX WDy — Vectg the forgetful functor sending a Weil-Deligne
representation to its underlying vector space. By [BL23, Definition 2.13], this functor is

isomorphic as a symmetric monoidal functor to the functor V +— € grz-W V. In particular, obl
i

factors through the category Vect% of Z-graded vector spaces.

Passing to derived functors, we obtain a factorization of the symmetric monoidal functor

D(obl) :

D(obl): D(Rep'S™ WD) 2% D(VectZ) 2 D(Vecty)
Restricted to the full subcategory Dpure(Repn™ W D) C D(Rep™ W D), the functor gry,
lands in the full subcategory Dpure(Vect%;) consisting of graded complexes M such that gr® M
is concentrated in the cohomological degree ¢. This is a symmetric monoidal subcategory
because tensor product over E is exact.

However, the endofunctor M + @ H!(M)[—i]: Dpure(Vect%) — Dpure(Vect%) is equivalent
to the identity functor, as symmetric monoidal functors. Indeed, Dpyre (VectZ) is equivalent to
the nerve of a symmetric monoidal 1-category because all the mapping spaces in this category
are discrete. Thus constructing an equivalence between two endofunctors amounts to doing
so on the homotopy category of this co-category, where the equivalence is evident.

Since Dpure(0bl) : Dpure(RepB* W D) — D(Vect) factors through Dpyre(Vect%), its com-
position with M — @ H*(M)[—i] is equivalent to Dpure(0obl) as a symmetric monoidal func-
tor. O

Combining Lemma 5.17 with Theorem 5.13, we get a general formality result:

Corollary 5.18. For any E-algebra A € Dgure(RepE W Dg) there exists an equivalence
A~ @H(A)[—i] of Ex-algebras in D(Vectg).

It remains to apply Corollary 5.18 to the cohomology of rigid-analytic spaces satisfying the
weight-monodromy conjecture:

Proof of Theorem 5.1. We have RI¢(Xc,,Q¢) as a commutative algebra object of
D(Gk; Qe). Each cohomology group H (Xc,, Q) is a condensed representation of Gk arising
from a continuous representation on a finite-dimensional Q-vector space (cf. [Bos24, Propo-
sition 4.9]). Hence, Lemma 4.3 makes RI'¢;(Xc,, Qr) into a commutative algebra object of
the symmetric monoidal category Db(RepQ , Gx). Moreover, for £ = p the p-adic cohomology
RI'¢(Xc,,Qp) further lifts to an object of Db(Rep((g; G k) by Proposition 4.17.

The desired formality will now be a consequence of Corollary 5.18. Let us first treat the
case £ # p. Applying the symmetric monoidal functor D: Db(RepQ ,GK) = Db(RepQ , WDk)
from Example 5.3(1), we obtain a commutative algebra object D(RT¢(Xc,,Qe)) of
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Db(Resz W Dp) whose i-th cohomology is monodromy-pure of weight ¢, by the assump-
tion of the theorem. That is, it lies in the full subcategory Dgure(RepQ , WDk ) and Corollary
5.18 implies that D(RI'¢(Xc,,Q¢)) is a formal algebra. Since the underlying commutative
algebra object of D(Vectq,) of D(RI'¢(Xc,, Qr)) is equivalent to RI'¢;(Xc,, Qr), we obtain
the formality of ¢-adic cohomology for ¢ # p.

Similarly, for £ = p we apply the functor from Example 5.3(2) to the commutative al-
gebra object RI'«(Xc,,Qp) € Db(Rep‘g; Gr) to obtain an object D(RI¢(Xc,,Qp)) €
Dfmre(RepQgr W D). By de Rham comparison isomorphism, we have an equivalence of com-
mutative algebras in D(Vectp,y,)

(5.3) RT¢(Xc,, Qp) ®q, Bar ~ D(RI'¢(Xc,, Qp)) ®qur Bar-

Since D(RI'¢;(Xc,,Qp)) is formal by Corollary 5.18 and formality can be checked after an
arbitrary field extension (see [HS79, Corollary 6.9]), we conclude that the p-adic étale coho-

mology algebra RI'¢;(Xc,, Qp) is formal as well. O
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