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A YOUNG PERSON’S GUIDE TO MIXED HODGE MODULES
MORIHIKO SAITO

ABSTRACT. We give a rather informal introduction to the theory of mixed Hodge modules
for young mathematicians.

Introduction

The theory of mixed Hodge modules ([Sa3|, [Sa7]) was originally constructed as a Hodge-
theoretic analogue of the theory of ¢-adic mixed perverse sheaves ([De2], [De7], [BBD]) and
also as an extension of Deligne’s mixed Hodge theory ([De3|, [Def]) including the theory of
degenerations of variations of pure or mixed Hodge structures (see [Sch], [St], [CK], |[CKSI1],
[StZ], [Ka5], etc.) The main point is the “stability” by the direct images and the pull-backs
under morphisms of complex algebraic varieties and also by the dual and the nearby and
vanishing cycle functors. Here “stability” means more precisely the “stability theorems”
saying that there are canonically defined functors between the derived categories. These
stability theorems become quite useful by combining them with the fundamental theorem
of mixed Hodge modules asserting that any admissible variations of mixed Hodge structure
on smooth complex algebraic varieties in the sense of [StZ], [Ka5| are mixed Hodge modules
[Sa7]; in particular, mixed Hodge modules on a point are naturally identified with graded-
polarizable mixed Q-Hodge structures in the sense of Deligne [De3].

Technically the strictness of the Hodge filtration F' on the underlying complexes of D-
modules is very important in the theory of mixed Hodge modules. Here D-modules are
indispensable for the generalization of Deligne’s theory in the absolute case ([De3|, [De6]) to
the relative case. For instance, this includes the assertion that any morphism of mixed Hodge
modules is bistrict for the Hodge and weight filtrations F, W generalizing the case of mixed
Hodge structures by Deligne [De3]. D-modules are also essential for the construction of a
relative version of Dec W in the proof of the stability theorem of mixed Hodge modules by
the direct images under projective morphisms extending Deligne’s argument in the absolute
case, where we have bistrict complexes of D-modules with filtrations (F, Dec W) under the
direct images by projective morphisms, see [Sa7, Proposition 2.15].

In order to understand the theory of mixed Hodge modules, the general theory of D-
modules does not seem to be absolutely indispensable. In fact, D-modules appearing in the
theory of mixed Hodge modules are rather special ones, and we have to deal with them always
as F'-filtered D-modules, where a slightly different kind of argument is usually required. For
instance, although the regularity of D-modules is quite useful for the construction of the
direct images by affine open immersions, this can be reduced essentially to the normal
crossing case by using Beilinson’s functor together with the stability theorem under the
direct images by projective morphisms (see [Sa29]), and in the latter case, a generalization
of the Deligne canonical extensions [Del] to the case of D-modules with normal crossing
singular supports is sufficient. Also the pull-backs of mixed Hodge modules under closed
immersions are constructed by using nearby and vanishing cycle functors, which is entirely

different from the usual construction of pull-backs of D-modules, see [Sa7, Section 4.4].
1
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Note finally that we need only Zucker’s Hodge theory in the curve case [Zu] for the proof of
the stability theorem of mixed Hodge modules under the direct images by proper morphisms,
and classical Hodge theory is not used, see (2.5) below.

I thank the referee for useful comments. The author is partially supported by Kakenhi
15K04816.

In Section 1 we explain the main properties of pure Hodge modules. In Section 2 we
give an inductive definition of pure Hodge modules, and explain an outline of proofs of
Theorems (1.3) and (1.4). In Section 3 we explain a simplified definition of mixed Hodge
modules following [Sa29]. In Appendices we explain some basics of hypersheaves, D-modules,
and compatible filtrations.

Conventions 1. We assume that algebraic varieties in this paper are always defined over
C and are reduced (but not necessarily irreducible). More precisely, a variety means a
separated reduced scheme of finite type over C, but we consider only its closed points, that
is, its C-valued points. So it is close to a variety in the sense of Serre (except that reducible
varieties are allowed here). We also assume that a variety is always quasi-projective, or
more generally, globally embeddable into a smooth variety (where morphisms of varieties
are assumed quasi-projective) in order to simplify some arguments. The reader may assume
that all the varieties in this paper are reduced quasi-projective complex algebraic varieties.

2. We use analytic sheaves on complex algebraic varieties; in particular, any D-modules are
analytic D-modules. (These are suitable for calculations using local coordinates.) For the
underlying filtered D-module (M, F') of a mixed Hodge module on X, one can pass to the
corresponding algebraic filtered D-module by applying GAGA to each F,M after taking an
extension of the mixed Hodge module over a compactification of X.

3. In this paper, perverse sheaves (which do not seem appropriate at least for book titles,
see [Di], [KS]) are mainly called hypersheaves by an analogy with hypercohomology versus
cohomology (although the word “sheaf” may not be of Greek origin). The abelian category
of hypersheaves on X are denoted by HS(X, A) where A is a subfield of C. Hypersheaves
are not sheaves in the usual sense, but they behave like sheaves in some sense; for instance,
they can be defined locally provided that gluing data satisfying some compatibility condition
are also given.

1. Main properties of pure Hodge modules
In this section we explain the main properties of pure Hodge modules.

1.1. Filtered D-modules with Q-structure. A pure Hodge module M on a smooth
complex algebraic variety X of dimension dx is basically a coherent left Dx-module M
endowed with the Hodge filtration F' such that (M, F) is a filtered left Dx-module with
F,M coherent over Ox. The filtration F' on Dy is by the order of differential operators, and
we have the filtered D-module condition

(1.1.1) (F,Dx) F,M C Fp yM (peN,qeZ),

(which is equivalent to Griffiths transversality in the case of variations of Hodge structure),
and the equality holds in (1.1.1) for ¢ > 0. Moreover M has a Q-structure given by an
isomorphism
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with K € HS(X,Q) (see (A.1) below). Here DRx (M) is the de Rham complex of the
Dx-module M viewed as a quasi-coherent Ox-module with an integrable connection:

(1.1.3) DRx (M) := [M — Q% ®0, M — -+ = Q¥ ®0, M],
with last term put at degree 0. In (1.1.2) we assume
(1.1.4) DRy (M) € HS(X, C),

and moreover (1.1.4) holds with M replaced by any subquotients of M as coherent D-
modules. (More precisely, these properties follow from the condition that M is regular
holonomic, see (B.5.2) below. We effectively assume the last condition in the definition of
Hodge modules, see Remark (ii) after Theorem (1.3).) In this paper we also assume

(1.1.5) M, K are quasi-unipotent (see (B.6) below).

We will denote by MF (X, Q) the category of
M= ((M,F),K,anm)

satisfying the above conditions. (Sometimes a will be omitted to simplify the notation.)
We also use the notation

(1.1.6) rat(M) = K.
The category MH(X, w) of pure Hodge modules of weight w on X will be defined as a full
subcategory of MF(X, Q).

1.2. Strict support decomposition. The first condition for pure Hodge modules is the
decomposition by strict support

where Z runs over irreducible closed subvarieties of X, and
MZ = ((MZa F)> KZa a/\/lz)
has strict support Z (that is, its support is Z, and it has no nontrivial sub nor quotient object
supported on a proper subvariety of Z). More precisely, we assume that the last condition
is satisfied for both My and K ;. Note that the condition for K is equivalent to that K is
an intersection complex with local system coefficients, see [BBD]. We then get
(1.2.2) Hom(Myz, Mz) =0 if Z# 7'
In fact, this holds with Mz, M replaced by My, My or by Kz, K.
In (2.2) below, we will define the full subcategory

MHz(X,w) C MF(X, Q)
consisting of pure Hodge modules of weight w with strict support Z by increasing induction
on dim Z, and put
(1.2.3) MH(X,w) := @,y MHz(X,w) C MF(X, Q),
where the direct sum over closed irreducible subvarieties Z of X is justified by (1.2.1-2).

This full subcategory MHz (X, w) C MF(X, Q) can be defined effectively by the following
fundamental theorem of pure Hodge modules, which may be viewed as a working definition
of MHz(X, w).

Theorem 1.3 ([Sa7, Theorem 3.21]). For any closed irreducible subvariety Z C X, the
restriction to sufficiently small open subvarieties of Z induces an equivalence of categories

(1.3.1) MHz (X, w) — VHSgen(Z, w — dim Z)?,
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where the right-hand side is the category of polarizable variations of pure Hodge structure of
weight w — dim Z defined on smooth dense open subvarieties U of Z. (More precisely, we
take the inductive limit over U C Z.) Moreover, (1.3.1) induces a one-to-one correspondence
between polarizations of M € MHz(X,w) (see (2.2.2) below) and those of the corresponding
generic variation of Hodge structure.

Remarks. (i) The equivalence of categories (1.3.1) means that any pure Hodge module with
strict support Z is generically a polarizable variation of pure Hodge structure, and conversely
any polarizable variation of pure Hodge structure defined on a smooth dense Zariski-open
subset U C Z can be extended uniquely to a pure Hodge module with strict support Z.

(ii) By using the stability theorem of pure Hodge modules under the direct images by
projective morphisms (see Theorem (1.4) below), the proof of Theorem (1.3) can be reduced
to the case where Z = X and a variation of Hodge structure is defined on the complement U
of a divisor with normal crossings. In this case we use the original definition of pure Hodge
modules in [Sa3] given by induction on the dimension of the support of M and using the
nearby and vanishing cycle functors.

In the case D := X \ U is a divisor with normal crossings, the above extension of a
variation of Hodge structure on U to a Hodge module on X is rather easy to describe by
using Deligne’s canonical extension [Del]. In fact, we have the following explicit formula
(see [SaT, (3.10.12)]:

(1.3.2) F,M =Y, FiDx (. Fpei LN L>7Y) € L771(xD),

i>0
with j : U < X is the inclusion. Here L is the locally free Oy-module underlying the
variation of Hodge structure with F' the Hodge filtration, £>~! is the Deligne extension of £
over X such that the eigenvalues of the residues of the connection are contained in (—1, 0],
and the last term of (1.3.2) is the Deligne meromorphic extension, see [Del]. (Note that
a decreasing filtration F' is identified with an increasing filtration by setting F, := F~7.)
Taking the union over p € Z, we have

(1.3.3) M =DxL>"' c L>7'(+D).

The underlying Q-local system L of a polarizable variation of Hodge structure on U is
canonically extended over X as an intersection complex (see [BBD]) where L must be shifted
by dim Z. This can be done without assuming that D = X \ U is a divisor with normal
crossings on a smooth variety.

The second main theorem in the theory of pure Hodge modules is the stability theorem
of pure Hodge modules under the direct images by projective morphisms.

Theorem 1.4 ([Sa3l Theorem 5.3.1]). Let f : X — Y be a projective morphism of smooth
complex algebraic varieties, and M = (M, F), K,an) € MHz(X,w). Let £ be the first
Chern class of an f-ample line bundle. Then the direct image fP(M,F) as a filtered D-
module (see (B.3) below) is strict, and we have

(1.4.1) Hf M= (HfP(M, F),"H f.K,"H f,arn) € MH(Y,w +1) (i € Z),
together with the isomorphisms
(1.4.2) 0 HT M HF M) (0> 0),

where (i) denotes the Tate twist shifting the filtration F by i, see a remark after (2.1.10)
below.
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Moreover, if S : K @ K — Dx(—w) is a polarization of M (see (2.2.2) below), then a
polarization of the (-primitive part
PHT M = Ker (T c H f M (12 0)
1s given by the restriction to the (-primitive part of the induced pairing
(1.4.3) (—1)1=D2m £ So(id@ %) : "H T f. K @ "H ' f. K — Dy (i —w).

Remarks. (i) The action of ¢ can be defined by using C'* forms and the Dolbeault resolution
to get a filtered complex which is filtered quasi-isomorphic to the relative de Rham complex

DRx vy ((ig)7 (M, F)),

which is used in the definition of the direct image in (B.3) below. Note that the first Chern
class is represented by a closed 2-form of type (1,1) on X, see also [Sad, Lemma 5.3.2].
(It is also possible to define the action of ¢ by using the restriction to a sufficiently general
hyperplane section of (M, F').)

(il) We use Deligne’s sign convention of a polarization S of a Hodge structure (He, F'), Hg),
see [De3| Definition 2.1.15]; that is,
(1.4.4) S(v,Cv) >0 (ve He)\ {0}),

where C'is the Weil operator defined by =9 on Hg?, and the Tate twist (27¢)" is omitted to
simplify the notation. (This sign convention seems to be theoretically natural if one considers
the action of the Weil restriction of Gy, see [De2l, Section 2.1].)

Recall that the usual sign convention is

(1.4.5) S(Cv,5) >0 (ve He\{0}),
and the difference is given by the multiplication by
(1.4.6) (—1)¥,

where w is the weight of the Hodge structure.

If we use the usual sign convention (1.4.5) instead of (1.4.4), then the difference (1.4.6)
implies a considerable change of the formula (1.4.3) of Theorem (1.4). In fact, we have to
change the sign for each direct factor with strict support Z depending on dz := dim Z, since
the difference of sign (1.4.6) depends on the pointwise weight
(1.4.7) w—1i—dy
of the generic variations of Hodge structure of each direct factor with strict support Z:

(H foM)y C 1 f M.

(iii) For a polarization S of a generic variation of Hodge structure of a pure Hodge module
with strict support Z, the associated polarization of the Hodge modules is defined by
(1.4.8) (=1)%2Uz=D2 g . K|, @ K|y — Dy(—w),

on an open subvariety U C Z where the variation of Hodge structure is defined, see [Sa3),
Proposition 5.2.16] for the constant coefficient case. This can be extended to a pairing of K
by using the theory of intersection complexes [BBD].

For a smooth projective variety X, it is well-known that
(1.4.9) / (_1)j(j—1)/2 Py AT AW >0,
X

for a nonzero element v in the primitive cohomology YH’(X, C) of type (p,q), where w is
a Kéhler form. One may think that (1.4.9) contradicts (1.4.8) combined with (1.4.3) in
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Theorem (1.4) for f : X — pt. In fact, by setting £(k) = k(k—1)/2 for k € N, the difference
between the sign (—1)¢9) in (1.4.9) and the product of (—1)8x) in (1.4.8) with Z = X and
(—1)§€x=3) in (1.4.3) with i = dx — j does not coincide with the difference between the two
sign conventions (1.4.4-5) which is equal to (—1)? by (1.4.6) for w = j, since

§ldx) —€(dx —j) —&(j) —Jj = jdx  mod 2.
However, the remaining sign (—1)74X just comes from the isomorphism
(1.4.10) RI(X, Cx)[dx] ®c RI'(X, Cx)ldx] = (RI'(X, Cx) ®c RI'(X, Cx))[2dx].

In fact, if we set K* := RI'(X, Cx), then K*[dx] is identified with Cx[dx] ®c K°, and the
above isomorphism is given by

Cldx] ®c K* ®c Cldx] ®c K* = Cldx] ®c Cldx] ®c K* ®c K°,

where the middle two components are exchanged, but the remaining ones are unchanged
(see [Ded] for the sign about single complexes associated with n-ple complexes). A similar
argument is used in the proof of the anti-commutativity of the last diagram in [Sa3, Section
5.3.10] where dx = 1.

2. Outline of proofs of Theorems (1.3) and (1.4)
In this section we give an inductive definition of pure Hodge modules (see [Sa2], [Sad]), and
explain an outline of proofs of Theorems (1.3) and (1.4).

2.1. Admissibility condition along g = 0. Let X be a smooth algebraic variety, and Z
be an irreducible closed subvariety of X. Let

M = ((M,F),K,OKM) S MF(X7 Q)u

with strict support Z, see (1.2). Let g be a function on X, that is, g € I'(X,Ox). Let
ig : X = X x C be the graph embedding by g. Set

(M, F) = (iy),) (M, F),
see (B.3) below for (i,)?. (Note that the filtration F' is shifted by 1, which is the codimension
of the embedding.) We have the filtration V on M (see (B.6) below).

Definition. We say that (M, F') is admissible along g = 0 (or g-admissible for short) in this
paper if the following two conditions are satisfied:

(2.1.1) HEVEM) = F,VeT'M  (Ya > 0),
(2.1.2) O(F,GriM) = F,iGr&'M  (Va <1, peZ),

see [Sa3l, 3.2.1]. (These properties were first found in the one-dimensional case, see [Sall.)

In the case Z C ¢g~'(0), (M, F) is g-admissible if and only if the following condition is
satisfied:

(2.1.3) gF,M C F, 1M (VpeZ),
see [Sa3d, Lemma 3.2.6].

In the case Z ¢ g7'(0), let j : X x C* < X x C be the natural inclusion. We have the
isomorphisms

(2.1.4) F,M =300 (. Fp i MO VZOM)  (p € Z),
if (M, F') is g-admissible and moreover the following condition holds:

(2.1.5) O Gr%/(ﬂ, F)— Gr?/(]\/z, F[—1]) is strictly surjective,
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see [Sa3dl Remark 3.2.3]. This is closely related to (1.3.2). (Forgetting F', condition (2.1.5) is
equivalent to that M has no nontrivial quotient supported in g~*(0), see (B.6.6) below. The
strictness of F' follows from the properties of Hodge modules as is seen in (2.3.5) below.)

Assume (M, F) is g-admissible. We have the nearby and vanishing cycle functors 1, ¢,
defined by

(2'1'6) ¢9(M> F) = @)\60’1‘ ¢g7)\(M> F)’ SOQ(M’ F) = @)\EC’{ QO.%)\(M? F)’
Yge(-o(M, F) 1= Giy.(M, F) (o € (0,1]),

90971(M> F) = GI"?/(M, F[_l])>
where C} := {A € C* | |A\| = 1}, e(—«) = exp(—2mia), and Py, = @1 (A # 1) as in
(A.2.8) below. We have ¢, 1(M, F) = (M, F) by [Sa3, Lemma 3.2.6] if supp M C ¢g~*(0) and

gF,M C F, 1M (p € Z). Note that F is shifted by 1 when the direct image (i,)? is taken.
This is the reason for which F' is shifted for ¢ in (2.1.7), and not for ¢ (for left D-modules).

Combining these with (B.6.7) below, we get

YgM = (g (M, F), "¢y K, “Pgam),

pgM = (0g(M, F),"ps K, "pyar) in MF(X, Q).

We have similarly 1, 1M, ¢41M together with the morphisms

can : ¢, M — p, 1 M, Var: g, M — P, 1 M(—1),

N :ypM = pM(=1), N :@siM = o1 M(-1),

such that the restrictions of can, Var, N to the D-module part Grj, M, Gr, M, GrM
(a € [0,1]) are respectively given by —0;, t, —(0it — «), and we have

(2.1.10) Varocan = N on ¢, M, canoVar=N on ¢, M.

Here the Tate twist (k) for k € Z in general is essentially the shift of the filtration F' by [k].
For the Q-coefficient part, it is defined by the tensor product of Q(k) := (27i)*Q C C over
Q, see [De3, Definition 2.1.13]. (Similarly with Q replaced by any subfield A C C)

By [Sa3l Lemma 5.1.4] we see that the strict support decomposition (1.2.1) holds if for
any g € I'(U, Oy) with U an open subvariety of X, (M, F)|y is g-admissible and moreover

(2.1.11) pg1M|y =Imcan @ KerVar in MF(U, Q),

(2.1.7)

(2.1.8)

(2.1.9)

2.2. Inductive definition of pure Hodge modules. For a smooth complex algebraic
variety X and an irreducible closed subvariety Z C X, we define the full subcategory
MHz(X,w) € MF(X,Q) by increasing induction on dz := dim Z as follows (see [Sa2l,
[Sa3]):
Case 1. If Z is a point x € X, then we have an equivalent of categories

(Zx)* . HS(w)p L} MH{I}(X, w)
with  (ip).((He, F), Hq) = ((ix) (He, F), (iz).Hq),

where i, : {z} — X denotes the canonical inclusion, and HS(w)? denotes the category of
polarizable Q-Hodge structures of weight w (see [De3]). The latter is naturally identified
with a full subcategory of MF({z}, Q) (by setting F, = F'~? as usual).

Case 2. If dz > 0, then M = ((M, F), K) € MF(X, Q) with strict support Z belongs to
MHz (X, w) if there is a perfect pairing (see (A.3) below)

(222) S: K ®Q K — DX(—’UJ) = QX(dX — w)[2dX]7

which is called a polarization of M, and the following two conditions are satisfied:

(2.2.1)
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(i) The pairing S is compatible with the Hodge filtration F' in the following sense:
There is an isomorphism of filtered D-modules
D(M, F) = (M, F)(w),
which corresponds (by using (B.4.6) below) to an isomorphism defined over Q:
D(K) = K(w),
and the latter is identified with the perfect pairing S via (A.3.1) below.

(ii) For any Zariski-open subset U C X and g € I'(U, Oy), the restriction of (M, F') to U is
g-admissible, and moreover, in the case ZNU ¢ ¢g~1(0), we have

(2.2.3) Gry by M|y, Gyl 1 M|y € MH_y, (U, w),
(2.2.4) ™), So (id @ N') gives a polarization of PGrll_ . .1, M|y (i > 0).

The last term of (2.2.3) is the direct sum of MHy/ (U, w) with Z’ running over closed
irreducible subvarieties of U with dz < dz. The weight filtrations W on ¢, M|y, ¢,1 M|u
are the monodromy filtration associated with the action of N := (271) !log T, (see [DeT])
which are shifted by w — 1 and w respectively. This means that W on ¢, M|y with filtration
F' forgotten is uniquely determined by the following conditions:

N(VvﬂbgMb) - (VVZ'—2Q/)9M|U)(_1) (Z S Z)>
N': Grz‘i;V—1+i¢gM|U — (Gruv,v_l_inglU)(—i) (i € N).
Here the Tate twists may be neglected since F' is forgotten in (2.2.5). (However, the last

isomorphism of (2.2.5) is strictly compatible with F' by (2.3.3) below if ¢, M|y belongs to
MHW (U) in (2.3) below.) A similar assertion holds for ¢, M|y with w — 1 replaced by w.

In (2.2.4), the primitive part “Gr)Y_;_ 1,M|y is defined by
(2.2.6) PGl ipgMy := Ker N € Gr))_ L by My,
by using the induced filtration F' on the kernel. For 1,5, see (A.3.2) below. Note that
the condition for a polarization S is also by induction on dz. For each direct factor of
PGr) | byM |y with 0-dimensional strict support, we assume that 1,5 o (id ® N*) induces

a polarization of Q-Hodge structure in the sense of [De3| where the place of the Weil operator
is different from the usual one as is noted in Remark (ii) after Theorem (1.4).

2.3. Some properties of pure Hodge modules. Let MH(X, w) be as in (1.2.3). Let
MHW (X)

be the category of weakly mized Hodge modules consisting of (M, W) with M € MF(X, Q)
and W a finite increasing filtration of M, which satisfy

(2.3.1) Gt M e MH(X,w) (Vw € Z).

We have by definition the stability of pure Hodge modules by the nearby and vanishing cycle
functors:

(2.3.2) YoMy, g1 M|y € MHW(U).
It is easy to show the following (see [Sa3, Proposition 5.1.14)):

(2.3.3) MHW(X) and MH(X,w) (w € Z) are abelian categories such that
any morphisms are strictly compatible with (F, W) and F' respectively.

(2.2.5)

This assertion is proved by using
(2.34) Hom(M, M') =0 if M € MH(X,w), M' € MH(X,w') with w > w'".
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This is reduced to [De3] by using the assertion that any M € MHz(X,w) is generically a
variation of Hodge structure of weight w —dz. (The latter is an easy part of Theorem (1.3).)

These assertions hold without assuming polarizability (see [Sa3, Section 5.1]), and imply
(2.3.5) can : g1 M — g1 M s strictly surjective for (F, W),
This assures the strict surjectivity in (2.1.5). It also gives a reason for which condition (2.2.4)
is imposed only for 9.

We prove Theorems (1.3) and (1.4) by induction on dim Z using the following rather
technical key theorem:
Theorem 2.4. Let f: X — Y be as in Theorem (1.4). Let g € T'(Y,Oy). Put h:= fg. Let
M= ((M,F),K) € MF(X, Q) with strict support Z ¢ h™'(0). Let S: K ® K — Dx(—w)
be a perfect pairing compatible with the filtration F' as in condition (ii) in Case 2 of (2.2).
Assume that (M, F) is h-admissible, we have
(2.4.1) GrVypM, GrlV o M € MH(X,i) (Vi€ Z),
with W as in (2.2.5), and the conclusions of Theorem (1.4) are satisfied for the N -primitive
part
(2.4.2) ENGrl | abn M with polarization 1, So(id® N) (i > 0).
Then

(i) The filtered direct image fP (M, F) is strict on a sufficiently small neighborhood of g=1(0)
(in the classical topology), and the H'fP (M, F) are g-admissible.

(ii) The shifted direct image filtration fPW{j| induces the monodromy filtration shifted by
w+j5—1on

(2.4.3) VeH [PM = H [P M (V3 € Z),

which 1s denoted by W so that

(2.4.4) CrVy, M fP M € MH(Y,4) (Vi € Z).

(iii) We have isomorphisms on a sufficiently small neighborhood of g=1(0):
(2.4.5) O HITfPM = (H fPM) () (Vj=0).

(iv) On the bi-primitive part P“PNerW_l_jH@/)gH_jffM defined by

(2.4.6) Ker /' N Ker N**' € Gryy_y_; 0, H 7 fPM,

we have a polarization of Hodge module given by the induced pairing
(2.4.7) (—1)UD2CVy 1S o (id @ NW)  (Vi,j > 0).

We first explain how the above theorem is used in the proofs of Theorems (1.3) and (1.4).

2.5. Outline of proofs of Theorems (1.3) and (1.4). We show the assertions by
increasing induction on the dimension of the strict support Z. The order of the induction is
rather complicated as is explained below:

Assume Theorems (1.3) and (1.4) are proved for dimZ < d. Then Theorem (1.4) for
dim Z = d with f(Z) # pt follows from Theorem (2.4) where the decomposition by strict
support follows from (2.1.11) (which is satisfied by using [Sa3, Corollary 4.2.4]). Using this,
we can reduce the proof of Theorem (1.3) to the normal crossing case where the singular locus
of M is a divisor with normal crossings. Here the filtration F' can be defined by (1.3.2), and
we have to show that the conditions for Hodge modules are satisfied for any locally defined
functions g. This can be further reduced by using Theorem (2.4) (but not Theorem (1.4))
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to the case where the union of g=*(0) and the singular locus of M is a divisor with normal
crossings. Here we can calculate explicitly the nearby and vanishing cycle functors together
with the induced pairing (although these are rather complicated), see [Sa7] for details.

Now we have to prove Theorem (1.4) in the case dim Z = d and f(Z) = pt. Here we may

assume that X = P", Y = pt. Let 7 : X — X be the blow-up along the intersection Z of
two sufficiently general hyperplanes of P”. By Theorem (1.3) for dim Z = d, there is

M= ((M,F),K) € MH(X,w) with M)z 1, = Mlxz.

We have a polarization S of M extending the restriction of a polarization S of M to the
complement of Z C X.

By Theorem (1.4) for f(Z) # 0, we see that M is a direct factor of Hmw, M. Moreover
its complement is isomorphic to Mz(—1) since Z is sufficiently general, where M is the
noncharacteristic restriction of M to Z; more precisely,

My = ((MZ,F%KZ[_Q])a
with (M, F') and K respectively the noncharacteristic restrictions of (M, F') and K to Z.
So we have the direct sum decomposition

(2.5.1) Hom M = M & My(-1),

with Him.M = 0 for j # 0. Here 7.5 is compatible with this decomposition, and its
restriction to M coincides with S (by using (A.3.1) below together with the remark after
(1.2.2)). We then get the direct sum decompositions

(2.5.2) HI(X,M) = H/(X,M)® H(Z, Mz)(-1) (jeZ).
where H’(X, M) := H'(ax).M for the structure morphism ay : X — pt, and similarly
for H7(X, M), etc. The above argument implies that these direct sum decompositions are

compatible with the induced pairing by .S, and moreover its restriction to the first factors
coincides with the induced pairing by S.
We have the Lefschetz pencil
p: X = P
and Theorem (1.4) for f(Z) # pt can be applied to this. So the proof of Theorem (1.4) for
dim Z = d and f(Z) = pt is reduced to the case X = P!, where we can apply Zucker’s result
[Zu]. (Note that Zucker gave an “algebraic description” of the Hodge filtration F' using
holomorphic differential forms, see [Zul, Corollary 6.15 and Proposition 9.1].) However, we
have to make some more calculations about polarizations on primitive classes related to the

Leray spectral sequence, etc. (which are not quite trivial, see [Sa3, Sections 5.3.8-11] for
details).

The Lefschetz pencil is also used in an essential way for the proof of the Weil conjecture
and the hard Lefschetz theorem in [De7]. The reduction to the curve case is by analogy with
the (-adic case in some sense.

Remarks. (i) For the calculation of the nearby and vanishing cycle functors in the normal
crossing case, we use the so-called “combinatorial description” of mixed Hodge modules
with normal crossing singular loci. Here the compatibility of the dx + 1 filtrations F, V(;
(i € [1,dx]) is quite essential, where V{;) is the V-filtration along x; = 0, and the x; are local
coordinates compatible with the singular locus of a mixed Hodge module. Note, however,
that this description never gives an equivalence of categories (consider, for instance, the
case of variations of mixed Hodge structure having no singular loci; in fact, this “Hodge-
theoretic combinatorial description” gives only the information of the fiber at the fixed
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point). Nevertheless it is quite useful when it is combined with the Verdier-type extension
theorem [Ve2] inductively, see also [Sa7l, Proposition 3.13], etc.

It seems rather easy to predict Hodge-theoretic combinatorial formulas for the nearby and
vanishing cycle functors together with the induced pairing in the normal crossing case. These
are implicitly related with Beilinson’s construction of nearby cycles [Bei2], see [Sa§] for the
mixed Hodge module case. It seems more difficult to prove that these formulas actually hold,
see for instance [Sad]. (Note that the argument in the Appendix of [Sa7] was simplified by
the writer. The original argument used the reduction to the 2-dimensional case, and was
much more complicated.)

(ii) The results of Cattani, Kaplan, Schmid ([CK], [CKSI], [CKS2], [CKS3]) are used in
an essential way for the above “Hodge-theoretic combinatorial description”. For instance,
the descent lemma in [CKSI], [CKS3] is crucial to the “combinatorial description” of the
pure Hodge module corresponding to the intersection complex. (This lemma is called “the
vanishing cycle theorem” in [KK4], which does not seem to be contained in [KK2].)

(iii) It is still an open problem whether the Hodge structure obtained by the L? method
in [CKS3|, [KK4] has an “algebraic description” using holomorphic differential forms, and
in the algebraic case, whether it coincides with the Hodge structure obtained by the theory
of mixed Hodge modules. (It has been expected that the detailed versions of [KK3|, [KK5]
would give a positive answer to these problems, and some people thought that [KK2], [KK4]
were written for this purpose. As for [BrSY], it seems rather difficult to apply it to filtered
L?-sheaf complexes.) We have to assume that polarizable variations of Hodge structure are
geometric ones in [Sa9], and also in [PS] for the analytic case.

(iv) In the curve case, the answer to the above first problem was already given in [Zu,
Corollary 6.15 and Proposition 9.1], and the second problem is then easy to solve, see [Sa3,
Section 5.3.10].

(v) It does not seem easy to generalize the results in [CKS3], [KK4] to the case of a “tubular
neighborhood” of a subvariety in a smooth complex algebraic variety, since we would have
to take a complete metric to get a Hodge structure by applying a standard method.

2.6. Outline of proof of Theorem (2.4). We have to study the weight spectral sequence
(2.6.1) ERIE — 9 £, Grl M = H fapn M,

and similarly with ¢, replaced by ¢, 1. This spectral sequence is defined in MF(Y, Q) if
the differentials d, (r > 1) are strictly compatible with the filtration F' inductively, see [Sa3),
1.3.6]. The last assertion for r = 1 follows from (2.3.3), since d; preserves the Hodge filtration
F and also the weight filtration W (the latter is shifted depending on the degree j of the
cohomology sheaf H’ f,ipM). For r > 2, we can show d, = 0 inductively by using (2.3.4).
In particular, the F>-degeneration of the spectral sequence follows. The above argument also
implies the strictness of the filtration £ on the direct image fP, M by using the theory
of compatible filtrations (loc. cit.). A similar assertion holds for ¢, M. These assertions
imply the assertion (i) of Theorem (2.4) by using the completion by the V-filtration, see
[Sa3, Section 3.3] for details.

To show the remaining assertions, we have to show that the “bi-symmetry” for the actions
of £, N on the F;-term is preserved on the Fs-terms, and moreover the “bi-primitive part” of
the Es-term is represented by the bi-primitive part of the Ej-term. Using the strict support
decomposition together with the easy part of Theorem (1.3), we can reduce the assertions
to the case where the spectral sequence is defined in the category of Hodge structures.
Theorem (2.4) then follows from the theory of bi-graded Hodge structures of Lefschetz type
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as in the proof of [Sa3l, Proposition 4.2.2] (see also [Sal8] where a slightly better explanation
is given).

Remarks. (i) Signs were not determined in [Sa3|, Proposition 4.2.2], since this was a very
subtle issue at that time (see for instance [De3|, Section 2.2.5] where a problem of sign for
Chern classes was raised.) In the case of the nearby cycles of the constant sheaf Qx in the
normal crossing case (that is, in the case of Steenbrink [St]), the primitive part

PGy tn (Qx[dx — 1))

is the direct sum of the constant sheaves supported on intersections of i + 1 irreducible
components of h~1(0). In particular, its support is pure dimensional, and the signs should
depend only on this dimension. Then there would be no problem for using [Sa3|, Proposition
4.2.2] in this case. In the general case, however, the situation is much more complicated. In
fact, there may be direct factors (©Gr)Y ¢, M)z of the primitive part ©Gr}" ¢, M which have
strict supports Z of various dimensions, and surject to the same closed subvariety of Y (for
instance, if g71(0) = {0}). In this case, we have to determine exactly the sign for each direct
factor so that the positivity becomes compatible among the direct images of direct factors
with various strict support dimensions.

(i) Precise signs are written in [Sa3, Lemma 5.3.6] following Deligne’s sign system [De§]
(see also [GN]). Note that the conclusion of Lemma 5.3.6 follows from the proof of [Sa3,
Proposition 4.2.2], since the hypothesis of the lemma is stronger than that of the proposition
and the conclusion is essentially the same (that is, the Es-term is bi-symmetric for ¢, N and
its bi-primitive part is represented by the bi-primitive part of the Fj-term). A pairing on
the Ej-term of the Steenbrink weight spectral sequence [St] satisfying Deligne’s sign system
[Deg| is constructed in [GN| although its relation with the pairing induced by the nearby
cycle functor does not seem to be clear (for instance, an isomorphism like (1.4.10) does not
seem to be used there).

(iii) An argument showing the decomposition (2.1.11) is noted in [Sa3, Lemma 5.2.5] which
can replace [Sa3|, Corollary 4.2.4] if one is quite sure that the signs in the lemma really hold
in the case one is considering. In fact, the assertion is very sensitive to the signs: if the signs
are modified, then the role of H and H' can be reversed, and we may get a decomposition
of H instead of H'. (There is a misprint in the last line of the lemma: S’ should be H'.)
If one is not completely sure whether the signs of the lemma really hold in the case under
consideration, then it is still possible to use [Sa3, Corollary 4.2.4] at least in the constant
sheaf case with normal crossing singularities as is explained in Remark (i) above.

3. Mixed Hodge modules

In this section we explain a simplified definition of mixed Hodge modules following [Sa29].

3.1. Admissibility condition for weakly mixed Hodge modules. Let X be a smooth
complex algebraic variety, and g € I'(X, Ox). For a weakly mixed Hodge module

(M, W)= ((M; F,W),(K,W)) € MHW(X),
(see (2.3.1)), set
(M; F.W) = (ig)2(M; P, W),

where W is not shifted under the direct image. We have the filtration V on M as in (B.6)
below. We define the filtration L on the nearby and vanishing cycle functors by

(3.1.1) Lk'l/)g./\/l = ¢ng+1M, LkQOgJM = Q0g71WkM (Vk‘ € Z)
Here the filtration F' can be neglected when the filtration L is defined.
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We say that M is admissible along g = 0 (or g-admissible for short) if the following two
conditions are satisfied:
(3.1.2) Three filtrations F, W,V on M are compatible filtrations (see (C.2) below).
(3.1.3) There is the relative monodromy filtration W on (¢yM, L), (¢41M, L).

The last condition means that there is a unique filtration W on 1, M satisfying the following
two conditions:

N(VvﬂbgM) C VVi—2¢gM(_1) (VZ S Z),
N': G, Grivy,M — Gr)” ,Gryy,M(—i) (Vi €N, k € Z),

and similarly for ¢, 1M, see [DeT], [StZ]. (Here the filtration F' can be forgotten. However,
the last isomorphism is compatible with F' by (2.3.3) if (s M, W), (@i M, W) € MHW (X).)

(3.1.4)

Remark. Let X be a smooth complex variety, and X be a smooth compactification such
that D := X \ X is a divisor with simple normal crossings. Let

(M, W) = ((M;,F,W), (H,W))

be a variation of mixed Hodge structure on X such that Gr,?//\/l are polarizable pure Hodge
structures of weight k for any k € Z, where (M; F,W) is the underlying bi-filtered Ox-
module, and (H, W) is the underlying filtered Q-local system.

Assume the local monodromies of H are all unipotent. Let M be the canonical Deligne
extension of M over X (that is, the residues of the logarithmic connections are all nilpotent,
see [Del]). The filtrations F, W are naturally extended on M by taking the intersection
with M of the open direct images of F,W under the inclusion j : X < X. Let D; be
the irreducible components of D (i € [1,7]). Let T; be the local monodromy around a
general point of D;, which is defined on the fiber H,, at a base point zo € X, and is
unipotent by hypothesis. (This is well-defined up to a conjugate compatible with W.) Set
N; := (27i)"'log T;. We denote by L the filtration W on H,,.

Under the above notation and assumption, (M, W) is an admissible variation of mized
Hodge structure in the sense of [StZ], [Ka5|] if and only if the following two conditions are
satisfied:

(3.1.5) Grh.Gr)Y M are locally free Og-modules for any p, k € Z.

(3.1.6) There is the relative monodromy filtration on (H,,, L) for each NV;.

(The last condition means that (3.1.4) holds with ;M replaced by H,,.) In fact, this
equivalence follows from [Kab, Theorem 4.5.2].

In the non-unipotent local monodromy case, let p : X’ — X be a generically finite
morphism of complex algebraic varieties such that p*M has unipotent local monodromies
around the divisor at infinity of a compactification of X’ (by replacing X with a non-empty
open subvariety if necessary). Then M is an admissible variation if and only if p* M is. (In
fact, may assume that p is finite étale by shrinking X. Then we can take the direct image.)

3.2. Well-definedness of open direct images. Let D be a locally principal divisor on a
smooth complex algebraic variety X. Set X’ := X \ D with j : X’ < X the inclusion. We
say that the open direct images ji, j. are well-defined for M’ € MHW (X"), if there are

1, M., e MHW (X)), satisfying
rat(M)) = jHK', rat(M)) =Rj.K' with K':=rat(M’),
(see (1.1.6) for rat), and moreover the following condition is satisfied:
(A3) 1, M/, are g-admissible for any g € T'(U, Oy) with ¢71(0);eq = Dyea N U.

(3.2.1)
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Here U is any open subvariety of X. If the above condition is satisfied, we then define
(3.2.2) M =M M= M

If M' = ;7'M with M € MHW(X) and M is g-admissible, then we have the canonical
morphisms (see [Sa7, Proposition 2.11})

(3.2.3) JiTIM = M, M =G M.

3.3. Definition of mixed Hodge modules. Let X be a smooth complex algebraic variety.
The category of mixed Hodge modules MHM (X ) is the abelian full subcategory of MHW (X))
in (2.3) defined by increasing induction on the dimension d of the support as follows:

For M € MHW (X)) with supp M = Z, we have M € MHM(X) if and only if, for any
x € X, there is a Zariski-open neighborhood U, of z in X together with ¢, € I'(U,, Op,)
such that

dim Z N U, N g;'(0) < dim Z,

Z! :=7ZNU,\ g;'(0) is smooth, and moreover the following two conditions are satisfied:

(3.3.1) M|z is an admissible variation of mixed Hodge structure.

(3.3.2) M|y, is g,-admissible, and ¢, 1 M|y, € MHM(U,).

More precisely, (3.3.1) means that M|y, is isomorphic to the direct image of an admissible
variation of mixed Hodge structure on Z! by the closed embedding

iz 2 ZL = UL :==U, \ g, (0).

If Z = {z} for x € X, then we set
(3.3.3) MHM 3 (X) := MHW (X)) = MHS(Q),

where the first and second categories are respectively full subcategories of MHM(X) and
MHW (X) consisting of objects supported on z, and the last one is the category of graded-
polarizable mixed Q-Hodge structures [De3]. (Here the direct image by {z} — X is used.)

This definition is justified by the following (see [Sa29, Theorem 1]).

Theorem 3.4. Conditions (3.3.1-2) are independent of the choice of Uy, g.. More precisely,
if they are satisfied for some U, g, for each x € Z, then (3.3.2) is satisfied for any Uy, g.,
and (3.3.1) is satisfied in case rat(M’) is a local system up to a shift of complez, see (1.1.6)
for rat.

We have moreover the following (see [Sa29, Theorem 2]).

Theorem 3.5. The categories MHM(X) for smooth complex algebraic varieties X are stable
by the canonically defined cohomological functors H7 f., H fi, HI f*, HI f', by, @g1, K, D,
where f is a morphism of smooth complex algebraic varieties and g € I'(X,Ox). Moreover
these functors are compatible with the corresponding functors of the underlying Q-complexes
via the forgetful functor rat in (1.1.6).

The proofs of these theorems use Beilinson’s maximal extension together with the stability
by subquotients systematically. The well-definedness of open direct images in (3.3) is reduced
to the normal crossing case, see [Sa29]. Combining Theorem (3.5) with the construction in
[SaT], we can get the following (see [Sa29, Corollary 1]).

Theorem 3.6. There are canonically defined functors f., fi, f*, ', ¥y, 091, X, D, @, Hom
between the bounded derived categories D°MHM(X) for smooth complex algebraic varieties
X so that we have the canonical isomorphisms H7 f, = H’ f,, etc., where f is a morphism
of smooth complex algebraic varieties, g € T'(X, Ox), H? is the usual cohomology functor of
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the derived categories, and H’ f., etc. are as in Theorem (3.5). Moreover the above functors
between the D°MHM(X) are compatible with the corresponding functors of the underlying
Q-complexes via the forgetful functor rat.

3.7. Some notes on references about applications. Since there is no more space to
explain about applications of mixed Hodge modules, we indicate some references here. These
are not intended to be complete.

For applications to algebraic cycles, see [BRS|, [BENP], [MuS], [NS], [RS1], [RS2], [Sa6],
[Sal2], [Sal3], [Salh], [Sa20], [Sa21], [Sa22], [Sa25], [Sa26], [Sa27], [SS2], etc. Some of them
are related to normal functions. For the latter, see also [Sa§|, [Sal7], [Sa30], [SS1], [Schnl,
etc.

Related to mixed Hodge structures on cohomologies of algebraic varieties, see [BDS|, [DS1],
[DS2], [DS3], [DS5], [DS6], [DSW], [Dus], [OS], [PS], [Sal9], [Sa28§], [SZ], etc.

About Bernstein-Sato polynomials, Steenbrink spectra, and multiplier ideals, see [Bul,
[BMS], [BS1], [BS2], [BSY], [DMS], [DMST], [DS4], [DS7], [MP], [Salq], [Sald], [Sall,
[Sa23], [Sa24], [Sa31], etc.

For direct images of dualizing sheaves and vanishing theorems, see [FET], [Sall], [Sul, etc.
Concerning Hirzebruch characteristic classes, see [BrScY], [MS], [MSS1], [MSS2|, [MSS3],
[MSS4], etc.

Appendix A. Hypersheaves

In this appendix we review some basics of hypersheaves, see Convention 3.

A.1. Let X be a complex algebraic variety or a complex analytic space, and A be a subfield
of C. We denote by D?(X, A) the derived category of bounded complexes of A-modules with
constructible cohomology sheaves, see [Vel], etc. In the algebraic case, we use the classical
topology for the sheaf complexes although we assume that stratifications are algebraic.

The category of hypersheaves HS(X, A) is the full subcategory of D%(X, A) consisting of
objects K satisfying the condition:

(A.1.1) dimsupp H'K < —i, dimsuppH'D(K) < —i (Vi€ Z).

Here H'K is the i th cohomology sheaf of K in the usual sense, and D(K) is the dual of K.
The latter can be defined by

(A.1.2) D(K) := RHoma(K,Dx),

with Dy the dualizing sheaf in D?(X, A). In the smooth case (by taking an embedding into
smooth varieties), it can be defined by

(A.1.3) Dy := Ax(dx)[2dx],
with dx := dim X.
By [BBD], HS(X, A) is an abelian category, and there are canonical cohomological functors
(A.1.4) "N DY(X,A) - HS(X,A) (ie€Z),
where the superscript ™ means the “middle perversity”.

A.2. Nearby and vanishing cycles. Let g be a holomorphic function on an analytic
space X. Let A C C be a sufficiently small open disk with center 0, and 7 : A* — A* be a
universal covering of the punctured disk A*. Let ' : A* — C be its composition with the
inclusion A* < C. Let X, be the base change of X by n/. We denote by 5 : Xoo = X the
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base change of 7' by g. Set Xy := f~1(0) with iy : Xy = X the canonical inclusion. The
nearby and vanishing cycle functors
by, g+ DX, A) = De(Xo, A)
are defined as in [De5| by
(A.2.1) Y, K = ig Ry K, 0K :=C(iy K = ¢,K) for K e DX, A),

where we take a flasque resolution of K to define Rj,j*K and also the mapping cone. By
definition we have a distinguished triangle

(A.2.2) FK = K — o, K5

The action of the monodromy T is defined by 7* with + the automorphism of A* over
A* defined by z — z + 1. Here A* is identified with {z € C | Imz > r} for some r > 0
and 7 is given by z — ¢ := exp(2miz). (This is compatible with the usual definition of the
monodromy of a local system L on A*. In fact, (v*0)(z) = o(zo + 1) for o € T(A*, 7*L)
with zg a base point of /Av*, and the monodromy is given by the composition of canonical
isomorphisms: Ly(,) = (7*L)., = ['(A*,7*L) = (7*L).41 = Lr(s,).) There is a nonzero
minimal polynomial for 7" locally on X, and this implies the Jordan decomposition T' = T, T,
(with Ty, T, polynomials in 7" locally on X).

Assume K € HS(X, A). Set

(A.2.3) MK = K1), " K = ¢ K[—1].
Then
(A.2.4) MK, M K € HS(X,, A).

This follows for instance from [Ka3|, [Ma3] by using the Riemann-Hilbert correspondence.
In the case A = C, this implies the decompositions in the abelian category HS(X, A):

(A25) mng = @)\ec* md}g,)\Ku m(pgK = @)\EC* m(pgvAK’
(which are locally finite direct sum decompositions), where
(A.2.6) Mg K = Ker(Ty — X) C ", K, "y K = Ker(T, — \) C ", K.

In the case A C C, we have only the decompositions
(A.2.7) mng = mwg,lK @m¢g,¢1K7 m@gK = m@g,1K D m@g,;ﬂKa

which are compatible with the above decompositions after taking the scalar extension by
A— C.

By (A.2.2) we have the canonical isomorphisms
(A28) m’wg,?glK ;) mgogﬁ,glK, m’l?Dg)\K ;) mgog)\K ()\ 7& 1, A= C),
since the action of 7" on ¢* K is trivial.

If K = Ax and X is a smooth algebraic variety (or a complex manifold with X, compact),
then the nearby cycle functor ¥, Ax is also defined by

(A29) 'l/]gAX = RP*AXC>

where X, := f~!(c) C X with ¢ € C* sufficiently near 0, and p : X, — X is an appropriate
contraction morphism. The latter is constructed by using an embedded resolution of Xy C X.

A.3. Compatibility with the dual functor D. We say that a pairing
K Xa K — Dx(k‘)
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is a perfect pairing (with k € Z) if its corresponding morphism
K — D(K')(k) = RHoma(K',Dx)(k)
is an isomorphism in D?%(X, A). Here Dy is as in (A.1.2), and the above correspondence
comes from the isomorphism
(A.3.1) Hom(K @ K',Dx(k)) = Hom(K, RHoma(K',Dx(k))).
The Tate twist (k) is defined as in [De2, Definition 2.1.13], see also a remark after (2.1.10).
This can be neglected if i« = /—1 is chosen. However, this twist is quite useful in order
to keep track of “weight”. In fact, if K = K’ and it has pure weight w, then DK should
have weight —w, and the above k must be equal to —w, since the Tate twist (k) changes the
weight by —2k (loc. cit.).
Assume there is a perfect pairing
S:K®y K' — Dx(—w) for K, K" e HS(X, A).
It induces a canonical pairing

(A.3.2) VSt P K @4 0, K" — ¢, Dx(—w).

Assume X is smooth (by taking an embedding into a smooth variety), and X, is also
smooth (by replacing K with its direct image under the graph embedding by g). Then we
have

(A33) ’l/JgDX = AXo(dX - ’LU)[2dx] = DXo(]- - ’LU)[2],
and (A.3.2) indues a canonical perfect pairing
(A.34) MhgS My K @4 My K — Dy, (1 — w).

Here some sign appears, and this is closely related to the sign in (1.4.8).
The above construction is compatible with the monodromy 7', that is,

MPgS ="y Se (T ®T).
Since T is unipotent for some e € Z-g, this implies
(A.3.5) MpgSo (N ®id) = ="1,So (id®@ N), "1hyS ="1,S o (Ts ® T}),
where T' = T,T, is the Jordan decomposition, and N := (27i)~ ! log T,,.
We then get the induced perfect pairings

g1t My K @4 Py 1 KN — Dx, (1 — w),
(A.3.6) Mg 215 MYy 1 K @4 "y 1K' — Dy (1 — w),

P1hg S Mg K @4 MYy 1 K — Dy, (1 —w) (A=C).

For the vanishing cycle functor ¢4, we have the induced perfect pairing

(A.3.7) "g1S Mg 1 K @4 Mg 1K' — Dy, (—w),
satisfying

(A.3.8) Mg 15 0 (can ® id) = MP, 15 o (id @ Var),

where the morphisms

(A.3.9) can: "1 K — Mg K, Var: g, K — " K'(—1),

are constructed in [Sa3, Section 5.2.1]. (These correspond respectively to the morphisms
—Gry 0, Gryt in (B.6.9) below if K = DRx(M), K’ = DRx(M') with A = C.) We have

(A.3.10) Varocan = N, cano Var = V.
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Note that the target of (A.3.7) is different from that of (A.3.6) by the Tate twist, and
Mg 215 is given by ™, 1.5 together with the isomorphism (A.2.8). The construction of
(A.3.7) is not quite trivial, see [Sa3, Sections 5.2.1 and 5.2.3 and Lemma 5.2.4]. For instance,
we used there the isomorphism

(A.3.11) K =[P K — g K = by K'(—1)),
where 7 : Xy < X is the inclusion. If we replace this with
(A.3.12) K = [ K — g K5 1y K1),

then (A.3.8) would hold with Var, N respectively replaced by var, T"— id, where the Tate
twist should be omitted (since T" — id is not compatible with the weight structure).

Appendix B. D-modules

In this appendix we review some basics of D-modules.

B.1. Holonomic D-modules. Let X be a complex manifold of dimension dx, and M be
a coherent left Dy-module. This means that M has locally a finite presentation

@pDU — @qDU — M|U — 0,
over sufficiently small open subsets U C X. (This is equivalent to the condition that M is

quasi-coherent over Oy and is locally finitely generated over Dx.)
A filtration F' on M is called a good filtration if (M, F') satisfies

(B.1.1) (F,Dx)(F,M) C Fy yM (pe N, qeZ),

and Grf' M is a coherent Grf Dx-module. (The last condition is equivalent to the conditions
that each F,M is coherent over Ox and the equality holds for ¢ > 0 in (B.1.1).) Here
F on Dx is by the order of differential operators, that is, we have for local coordinates
(1,0 Ty )

The characteristic variety Ch(M) C T*X of a coherent left Dx-module M is defined to
be the support of the GriDx-module Grf’ M in the cotangent bundle 7*X. (The latter can
be defined to be the union of the analytic subspaces of T*X defined by the ideal of Grf Dy
annihilating g; with g; local generators of Gr’M. Here Gri'Dy is identified with the sheaf
of holomorphic functions on 7*X which are polynomials on fibers of 7*X — X.) This is
independent of a choice of a good filtration F'.

By the involutivity of the characteristic varieties (see [SKK], [Ma2], [Gal), it is known that
(B.1.2) dim Ch(M) > dim X.
(See also [Bo| for the algebraic D-module case.)
A coherent left Dyx-module M is called holonomic if
(B.1.3) dim Ch(M) = dim X.
We will denote by M (Dx) the abelian category of holonomic Dx-modules.

B.2. Left and right D-modules. We have the transformation between filtered left and
right Dx-modules on a complex manifold X of dimension d, which associates the following
to a filtered left Dx-module (M, F):

(B.2.1) Q% F) ®0, (M, F),
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where the filtration F' on fo(X is defined by the condition
(B.2.2) GIlQY¥ =0 (p# —dx).

So the filtration is shifted by —dx. Here it is better to distinguish le(X and the dualizing
sheaf wy, since the Hodge filtration F' on wy is usually defined by

(B.2.3) Griwy =0 (p#0).
By choosing local coordinates 1, ..., z4,, the sheaf Q?g‘ is trivialized by dz; A --- Adxg,

locally on X, and forgetting F', the transformation is given by the anti-involution * of Dy
defined by the conditions (see for instance [Mall):

(B24) a; = _aﬂﬂiv g* =49 (g S OX)v (PQ)* = Q*P* (PvQ < DX)
For a right Dx-module N, the left Dx-module corresponding to it is denoted often by
(B.2.5) N @0, (Q2).

Here LY denotes the dual of a locally free sheaf L in general, that is, LY := Homo, (L, Ox).

B.3. Direct images. For a closed embedding i : X — Y of smooth complex algebraic
varieties, the direct image of a filtered right D-module (M, F') is defined by

(B.3.1) iP(M,F) = (M,F) ®py (Dxoy, F),
where the sheaf-theoretic direct image is omitted to simplify the notation, and
(B32) (DX_)y, F) = OX ®OY (Dy, F)

For a filtered left D-module (M, F'), the D-module is twisted by wx/y and the filtration
F is shifted by r : = codimxY because of the transformation between filtered left and right

D-modules in (B.2). If X is locally defined by y; = - - - = y, with y1, .. ., ¥, local coordinates
of Y, then, setting 0,, := 0/0y;, the direct image is locally defined by
(B.3.3) i (M, F) = (M, F[r]) &c (C[dy,, .- -, 0,], F).

For a smooth projection p: Z := X xY — Y with X,Y smooth, the direct image of a
filtered left Dz-module (M, F') is defined by the sheaf-theoretic direct image of the relative
de Rham complex DRy (M, F'), that is,

(B.3.4) pP (M, F) := Rp.DRy/y (M, F),
where DRy/y (M, F) is the filtered complex defined by
(B.3.5) (M. F) = Oy @0, (M, F[=1]) = -+ = Q% ®0, (M, Fl~dx]),

with the last term put at degree 0. The differential of this complex is defined as in the
absolute case (see (1.2.3)), and is locally given as the Koszul complex associated with the
action of 9/0z; on M if z4,..., x4, are local coordinates of X. (Note, however, that this
does not work for smooth morphisms which are not necessarily smooth projections, since
there is no canonical lift of vector fields on Y to Z.)

In general, the direct image of a filtered right Dx-module (M, F') by a morphism of smooth
varieties f : X — Y is defined by

(B.3.6) ir (M, F) =ple (iy)] (M, F),

where iy : X — X x Y is the graph embedding, and p : X xY — Y is the second projection
so that f = poiy.

Remarks. (i) We can verify that the direct image in (B.3.6) is naturally isomorphic to the
complex of the induced Dy-module associated with the (sheaf-theoretic) direct image of the
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filtered differential complex DRx (M, F'). This means the compatibility between the direct
images of filtered differential complexes and filtered D-modules.

(ii) It seems simpler to use the above construction of direct images instead of the induced
D-module construction as in [Sa3l 3.3.6] for the definition of direct images of V-filtrations.

(iii) The direct image for a morphism of singular varieties is rather complicated. For the
direct image of mixed Hodge modules, we may assume that the morphism is projective by
using a Beilinson-type resolution (see [Beill, Section 3] and the proof of [Sa7, Theorem 4.3]),
and the cohomological direct image is actually enough. So it is reduced to the case of a
morphism of smooth varieties.

B.4. Dual functor. For a holonomic Dx-module M on a complex manifold X of dimension
n, its dual D(M) is defined so that

(B.4.1) (%)Y ®o, D(M) = Exty (M, Dx).

and D is called the dual functor. This is a contravariant functor. It is well-known that
(B.4.2) Ext%X(M, Dx)=0 (p#dimX),

and

(B.4.3) D? = id.

We say that a filtered holonomic Dy-module (M, F) is Cohen-Macaulay if Grf' M is a
Cohen-Macaulay Grf-module. In this case, we have

(B.4.4) Extrp (CGriM,GrlDx) =0 (i # dx),
and the dual filtered Dy-module D(M, F) can be defined so that
(B.4.5) (Y, F) ®0y D(M, F) = RHomp, ((M, F), (Dx, Fldx]))[dx].

This means that the last filtered complex is filtered quasi-isomorphic to a filtered D-module.

It is known that the dual functor D commutes with the de Rham functor DR, that is,
for a regular holonomic Dy-module M, there is a canonical isomorphism (see for instance
[Sa3l Proposition 2.4.12]):

(B.4.6) D(DRx (M)) = DR (D(M)).

B.5. Regular holonomic D-modules. Let Z be a closed analytic subset Z of a complex
manifold X. Let Z;, C Ox be the ideal of Z. For a bounded complex of Dx-modules M*,
set

HiyM* = lik_rg Exty (Ox/Th, M*) (= 1ik_r§1 Eaty (Dx/DxIy, M*)),
HixjgM* = lik_rg Extly (T, M*) (= 1ik_r§1 Eaty (DxTy, M),
so that we have a long exact sequence of Dx-modules
(B.5.1) = HigM® = H'M* = Hig ) M* — HG M —
see [Kal] (and also [Gx] for the algebraic case). Note that H[OZ]M for a holonomic Dx-module
M is the largest holonomic Dx-submodule supported in Z.

It is known that a holonomic Dx-module M with support Z is regular holonomic if and
only if there is a closed analytic subset Z’ C Z together with a proper morphism 7 : 7 — Z
such that dim 7’ < dim Z, Z\ Z’ is smooth and equi-dimensional, 7 is smooth, 7 induces an
isomorphism over Z \ Z’, 7=1(Z') is a divisor with normal crossings on Z, and moreover, by
setting mx = jzom with jz : Z — X the canonical inclusion, the following two conditions
are satisfied:
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(i) H[OZ,}M is a regular holonomic Dx-module.
(i) Hix M = HO(mx)P M with M the Deligne meromorphic extension of M|z z on Z.

We may assume that 7’ is the union of Sing Z and the lower dimensional irreducible
components of Z, and m is given by the desingularization of the union of the maximal
dimensional irreducible components of Z. Note that in the case of algebraic D-modules, we
have 'H?X|Z,}M = j«J*M with j : X \ Z’ — X the canonical inclusion.

The above criterion is by induction on the dimension of the support by using [Del],
[Kal]. In fact, it is known that regular holonomic D-modules are stable by subquotients
and extensions in the category of holonomic D-modules and also by the direct images under
proper morphisms, and contain Deligne meromorphic extensions in the normal crossing case.

Let M,,(Dx) C Mpq(Dx) be the full category of regular holonomic Dx-modules on a
complex manifold X. Let Db (Dx) C D*(Dx) be the full subcategory of bounded complexes
with regular holonomic cohomologies. We have the equivalence of categories, that is, the
Riemann-Hilbert correspondence:

(B.5.2) DRy : D! (Dx) — D(X,C) (inducing DRy : M,,(Dx) — HS(X, C)),
see [Ka2|, [Kadl, [KK1], [Mel], [Me2], [Me4] (and also [Bo|, [HT], etc. for the algebraic case).

Remarks. (i) There are many ways to define the full subcategory M,,(Dx) C Mpo(Dx).
Their equivalences may follow by using the above argument in certain cases.

(ii) There is a nontrivial point about the commutativity of some diagram used in certain
proofs of (B.5.2), and this is studied in [Sa5l Section 4].

(ili) Some people say that (B.5.2) is essentially proved in [KK1] where the full faithfulness
of the de Rham functor is essentially shown (compare the assertion (ii) of Theorem 5.4.1
written in [KKI, p. 825] with [Me3, Proposition 3.3]). The essential surjectivity is not
difficult to show by using the full faithfulness. In [Ka2], [Kad|], a quasi-inverse is explicitly
constructed.

(iv) In the algebraic case, the argument is more complicated, since we have the regularity
at infinity, see [Bo|, [Dell], [HT], etc. (This is essential to get a canonical algebraic structure
on the vector bundle associated with a local system on a smooth complex variety by using the
Deligne extension, see |[Del].) The Riemann-Hilbert correspondence is used in an essential
way in representation theory, see [BB], [BK]. (This point does not seem to be sufficiently
clarified in the last one.)

B.6. V-filtration. For a complex manifold X, set Y := X x C with ¢ the coordinate of C.
We have the filtration V' on Dy indexed by Z and such that

(i) V'Dy C Dy is the subring generated by Oy, d,,, and td,,
(11) Vij =t VODy, V_ij = Zogkgj 8f VODY (j c Z>0),
where the y; are local coordinates of Y, and 0,, := 0/0y;.

Let M be a regular holonomic Dy-module. We say that M is quasi-unipotent if so is
K := DRy (M), that is, if there is a stratification {S} of ¥ such that the restrictions of
the cohomology sheaves H'K to each stratum S are C-local systems having quasi-unipotent
local monodromies around S \ S.

For a quasi-unipotent regular holonomic left Dy-module M, there is a unique exhaustive
filtration V' of Kashiwara [Ka3] and Malgrange [Ma3] indexed discretely by Q and satisfying
the following three conditions:

(iii) VoM (Va € Q) are locally finitely generated VDy-submodules,
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(iv) tVeM C Vo' M (with equality if a > 0), 9, VM C V'M for any a € Q,
(v) Oit — a is locally nilpotent on GriyM (Va € Q).

Here we say that V' is indexed discretely by Q if there is a positive integer m satisfying
(B.6.1) VoM =Vi/mM if (j—1)/m<a<j/m with jcZ.

The existence of V follows from that of b-functions in [Kal] where the holonomicity is actually
sufficient (see [Saldl Proposition 1.9]).

From condition (v) we can easily deduce the isomorphisms

(B.6.2) t:GrpM = Grgtt M, 0y Gt M S Gt M (Va # 1),
It is also easy to show the following:

(B.6.3) VM =0 (Va>0) if suppM C X x {0} CY,

(B.6.4) t: VM = Voripg (Va>0),

(B.6.5) M — VM (or Gr{;M) are exact functors (Vo € Q),

see [Sa3d, Lemma 3.1.3, Lemma 3.1.4, Corollary 3.1.5], where right D-modules are used so
that the action of t0, there corresponds to that of —0,t in this paper by (B.2.4), and an
increasing filtration V, is used there so that V, = V2.

Set Z := ¢g7'(0) C X. Let M} be the largest holonomic Dx-submodule of M supported

in Z, and similarly for M7 with submodule replaced with quotient module. Then we have
the following canonical isomorphisms of Dx-modules (see [Sa3, Proposition 3.1.8]):

My, = Ker(t : G1% M — Gr%/M),
My = Coker (9, : Grl M — GI(‘)/M).
Set K := DRy (M) € HS(Y, C). In the notation of (A.2), there are canonical isomorphisms

~

DR)((GI"?/M) — mlpt,e(_a)K (Oé - (0, 1]),
DRy (Gr), M) = ", K,

such that exp(—27i(dit — «)) on the left-hand side corresponds to the monodromy 7" on
the right-hand side, where e(—a) := exp(—2mi«). In particular, —(0;t — «) corresponds to
N := (2mi)~tlog T,, with T' = T, T, the Jordan decomposition. Moreover the morphisms

(B.6.8) ~Gry0; : GryM — Gy, M, Gryt: Gr),M — Gy, M

respectively correspond to the morphisms can and Var in (A.3.9) with K’ = K and f = t.
(The sign before Gryd; in (B.6.8) comes from the transformation between left and right
D-modules as in (B.2.4).)

In the case M = (iy,)P?Ox with i, : X < X x C the graph embedding by a holomorphic
function g on X, the proof of (B.6.7) is given in [Ma3d], and this can be extended to the
general regular holonomic case (see also the proof of [Sa3, Proposition 3.4.12]). There are
canonical morphisms inducing the isomorphisms of (B.6.7) by using logarithmic functions,
and these canonical morphisms are quite important for the proof of the stability theorem of
Hodge modules by direct images.

(B.6.6)

(B.6.7)

Appendix C. Compatible filtrations

In this appendix we review some basics of compatible filtrations.
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C.1. Compatible subobjects. Let A be an abelian category, and n € Z~y. We say that
subobjects B; (i € [1,n]) of A € A are compatible subobjects if there is a short exact n-ple
compler K in A such that

(i) K? =0if |p;| > 1 for some i € [1,n|, where p = (p1,...,pn) € Z".
(i) KP~Y — KP — KP*liis exact for any p € Z", i € [1,n].
(iii) K°= A, K~1i = B, for any i € [1,n].

Here 1, = ((1;)1,...,(1;),) with (1;); = &;; Note that conditions (i) and (ii) respectively
correspond to “short” and “exact”. In the case n = 2, K is the diagram of the nine lemma.

C.2. Compatible filtrations. We say that n filtrations Fi;) (i € [1,n]) of A € A form
compatible filtrations if

FA, ... FlsA

are compatible subobjects of A for any v = (v4,...,1,) € Z".

If n = 2, then any 2 filtrations F{yy, F(2) are compatible filtrations. However, this does not
necessarily hold for n > 2.

We can show that if the F(;) (¢ € [1,n]) form compatible filtrations of A, then their
restrictions to F¥A := F(”ll) - F (’;L ")A also form compatible filtrations (see the proof of [Sa3),

Corollary 1.2.13]). Using the short exact complex K with
K'=F'A, K 1'i=F"*HA (ie€(l,n)]),
we can show that

(C.2.1) Gr?(l) e Gr?zn)A does not depend on the order of {1,...,n}.

In fact, Gr?’(i) corresponds to restricting K to the subcomplex defined by p; = 1, and
vy . Vn . 1,..., 1

(C.2.2) GrF(l) GrF(n)A = K"

Note that (C.2.1) is not completely trivial even in the case n = 2, where Zassenhaus lemma
is usually used, and we can replace it by the diagram of the nine lemma as is explained
above.

C.3. Strict complexes. Let A® be a complex in A with n filtrations Fi;) (i € [1,n]). We
say that (A', Fuy (i € [1, n])) is strict if for any j € Z, v = (11, ...,v,) € Z", there is a short
exact n-ple complex K as in (C.1.1) such that

(C.3.1) H (e FyA) = K~ (VI CA{L,...,n}),

where 1; = ((1,)r,...,(17),) with (1;); = 1 if j € I, and 0 otherwise (and I can be empty
in (C.3.1)).

We can show (see [Sa3, Corollary 1.2.13]) that if (A®, F(;) (¢ € [1,n])) is strict, then
(C.3.2) H, Gr}l(l), e Gr?;n) on A* commute with each other (Vj € Z, v € Z").

(C.3.3) The induced filtrations F{; (i € [1,n]) on H7A® form compatible filtrations.

Note that (A*, Fj;) (i € [1,2])) is strict if (A%, Fla)), (Gr%@)A',F(l)) (Vp € Z) are strict,
and F é)A' = 0 for p > 0, where we assume that the filtered inductive limit in A is an exact
functor, see [Sa3, Theorem 1.2.9].
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